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Abstract

This paper applies deep reinforcement learning to high-dimensional optimal control in
dynamic economic models. We introduce an informed actor—critic (iAC) framework
that embeds structural equations and constraints directly into the policy optimization
loop. Unlike standard model-free reinforcement learning algorithms that treat the
economy as a black box—relying entirely on data-driven simulation—the iAC method
leverages analytical economic transitions. Computational applications to benchmark
consumption—savings, Krusell-Smith, and overlapping-generations economies show
that iAC reduces the need for exploration noise and provides a precise, scalable, and
sample-efficient framework for complex macroeconomic control problems.
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1. Introduction

Reinforcement learning (RL) has demonstrated remarkable success across a di-
verse array of complex applications, including plasma fusion, robotics, locomotion,
large language models (LLMs), and self-driving cars. Notably, RL is designed to
solve the exact same fundamental class of problems as optimal control in economics.
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Both fields rely on a dynamic feedback loop traditionally structured as
State — Control -Reward —New state.

In robotics, the state represents the physical body position, the control consists of
electrical impulses sent to the rotors, the reward measures the success or failure
of a movement, and the new state is the resulting physical position. Conversely,
in an economic model, this loop consists of the current-period capital stock, the
consumption choice, consumer utility, and the next-period capital stock, respectively.

Can economists leverage these powerful RL methodologies to achieve break-
throughs in their own optimal control problems? Our answer is a definitive yes,
but standard RL frameworks must first be adapted to fit the highly specific charac-
teristics of economic models.

The core challenge lies in the trade-off between model-free and model-based
frameworks. The most powerful RL algorithms are typically model-free, treating
environments as “black boxes” to learn optimal behaviors entirely via trial and error.
For example, in robotics, it is often analytically infeasible to derive an exact formula
for how a robot’s movement is affected by the complex interplay of inertia, momen-
tum, gravity, friction, and changing floor surfaces; thus, the robot must experiment
and learn directly from simulated or real-world data. However, this pure black-box
approach stumbles in economics because simulated data is inherently noisy, and the
convergence rate of model-free methods is notoriously low.

By contrast, optimal control in economics is traditionally model-based: the en-
vironment is not a black box but is instead explicitly defined by mathematical
equations—such as budget constraints, market-clearing conditions, state transitions,
and shock processes. Applying a purely model-free approach to economics is highly
inefficient, as it essentially forces us to discard the model’s known structural equa-
tions only to poorly relearn them from noisy simulation data. By leveraging this
structural knowledge, economists can implement solution methods that are highly
sample-efficient, guarantee convergence, and produce accurate, reliable solutions;
value function iteration via discretization is a canonical example. However, the pri-
mary limitation of these traditional model-based methods is that they scale poorly,
remaining tractable only for relatively small applications.

In this paper, we merge model-based and model-free RL approaches for optimal
control in economic dynamics. Our framework is built around the actor-critic (AC)
architecture, which separates the learning of the policy function (the actor) from that
of the value function (the critic) to achieve greater efficiency and stability. Standard
AC methods in the RL literature are entirely model-free, meaning both the actor
and the critic learn strictly from raw simulated or real-world data. To adapt this



architecture to economic optimal control, we modify the standard AC framework
to include a model-informed critic. This component provides effective, structural
feedback to the actor via a gradient penetration mechanism rooted directly in the
model’s governing equations. Leveraging the environment’s exact structural equa-
tions instead of relying on noisy raw data significantly increases both the accuracy
and numerical stability of the AC method without increasing its computational cost.
We term this novel approach the informed Actor-Critic (1AC) method.

We implement the informed Actor-Critic (iAC) method using deep neural net-
works to ensure scalability across high-dimensional state spaces. Crucially, we re-
place the standard Q-learning framework characteristic of the reinforcement learning
(RL) literature with V-learning, which we find to be a significantly more effective
choice for the studied class of economic dynamics. Furthermore, we establish for-
mal analytical results for the proposed iAC framework, providing a rigorous proof
of convergence, precise estimates of the convergence rates, and error bounds for the
canonical consumption—savings problem. These formal results highlight the enhanced
data efficiency and structural stability of our gradient penetration mechanism and
informed model-based critic compared to a conventional, model-free AC critic that
learns exclusively from raw simulation data.

Aside from the AC framework, the reinforcement learning literature features a
rich variety of alternative computational methods. To evaluate their utility for eco-
nomic applications and to inform the structural design of our iAC approach, we
implemented a comprehensive collection of model-free and model-based RL methods
within the Q-learning framework (Watkins and Dayan, 1992) in the context of the
standard consumption—savings problem. Monte Carlo rollout, introduced by Tesauro
and Galperin (1996) and discussed by Bertsckas and Tsitsiklis (1996), as well as RE-
INFORCE (Williams, 1992) and PPO (Schulman et al., 2017), can produce highly
accurate solutions without explicitly relying on the Bellman equation; however, their
heavy dependency on repeated local simulations renders them computationally pro-
hibitive for large-scale economic dynamics. Dyna-Q, pioneered by Sutton (1991),
integrates two powerful mechanisms that facilitate and stabilize learning—mnamely,
experience replay and offline planning (“dreaming”); nevertheless, it remains a grid-
based, tabular method that cannot scale effectively to higher dimensions. Deep Q-
Networks (DQN), introduced by Mnih et al. (2015), parameterize the value function
using deep neural networks; however, the policy function must still be discretized
over a grid format, which inherently restricts the precision of the resulting policy so-
lutions. Deep Deterministic Policy Gradient (DDPG), introduced by Lillicrap et al.
(2015), accommodates continuous action and state spaces through an efficient AC
architecture; however, it is highly susceptible to getting trapped in local optima if



the critic is insufficiently trained. Soft Actor-Critic (SAC), introduced by Haarnoja
et al. (2018), incorporates entropy reqularization into a stochastic actor—critic frame-
work. By balancing expected returns with policy entropy, SAC encourages the agent
to explore a broader range of actions and may reduce the risk of becoming trapped
in poor local solutions. Finally, the all-in-One (AiO) Expectation Method proposed
by Maliar et al. (2021) combines policy and value function learning into a single ob-
jective, replacing standard Q-learning (Watkins and Dayan, 1992) with V-learning;
however, simultaneously optimizing both functional approximations under this uni-
fied setup frequently induces severe training instability.

In economics, Griine et al. (2015) introduce nonlinear model predictive control
(NMPC) as another reinforcement learning method. NMPC approximates infinite-
horizon problems with finite-horizon ones.

In light of the preceding taxonomy, our iAC method can be conceptualized as
a DDPG framework augmented with a gradient penetration mechanism designed to
guarantee numerical stability and learning efficiency. While our analysis indicates
that other RL stabilizers could be deployed alongside or as alternatives to gradient
penetration, they introduce distinct computational trade-offs. In this way, experience
replay and offline learning (dreaming) break the temporal correlation between specific
random simulation draws and gradient updates, thereby preventing the model from
falling into local optima traps. Furthermore, entropy objectives incorporating explo-
ration and exploitation phases force a more exhaustive search of the policy space to
avoid premature convergence. Although these supplementary stabilizing mechanisms
are highly effective in pure model-free environments, integrating them into economic
models significantly increases algorithmic complexity, computational overhead, and
memory consumption. In our applications, such additional stabilizers proved unnec-
essary; the gradient penetration mechanism alongside a simple DDPG framework
provided highly accurate, stable, and computationally lean solutions across all eco-
nomic configurations examined.

We apply the iAC method to a suite of prominent heterogeneous-agent models, in-
cluding the canonical Krusell-Smith economy (Krusell and Smith, 1998), extensions
incorporating indivisible labor, and large-scale Overlapping Generations (OLG) en-
vironments. Across all setups, the iAC method consistently yields highly reliable
and accurate solutions, seamlessly tracking high-dimensional wealth distributions
and sharp non-linear policy transitions. Notably, our method matches or exceeds
the precision of traditional, computationally intensive projection benchmarks while
dramatically reducing execution times and eliminating the need for ad-hoc shape-
preserving constraints on policy functions. These numerical experiments demonstrate
the robust generalizability of our framework, illustrating how a uniform, structurally



informed training logic can be seamlessly adapted across structurally diverse classes
of quantitative macroeconomic models.

The iAC method presented here is related to both earlier computational meth-
ods in economics and more recent methods based on machine learning tools. The
optimal control problems in economics are typically analyzed using dynamic pro-
gramming (DP). A well-known DP method is value function iteration via discretiza-
tion which produces accurate solutions and guarantees convergence but is subject to
the severe curse of dimensionality. To achieve scalability, computational economists
developed DP approaches based on functional approximation and deterministic inte-
gration (Judd, 1998), low-discrepancy sequences (Rust, 1997), Smolyak-style sparse
grids (Krueger and Kubler, 2004; Brumm and Scheidegger, 2017), and alternative
iterative schemes such as the endogenous grid method (EGM) (Carroll, 2006) and
envelope condition method (ECM) (Maliar and Maliar, 2013); see Maliar and Maliar
(2014) for a review. For heterogeneous-agent economies, there are methods that
use low-dimensional distributional approximations (Schaab, 2020) and methods that
approximate high-dimensional distributions with low-dimensional moments (Krusell
and Smith, 1998; Den Haan, 1997; Fernandez-Villaverde et al., 2023).

In fact, early simulation-based approaches in economics developed by Smith
(1993), Den Haan and Marcet (1990), Maliar and Maliar (2005), Stachursky (2009),
and Judd et al. (2011) closely resemble reinforcement learning in data science; in par-
ticular, Maliar and Maliar (2014) show the tractability of their earlier value-function-
iteration-by-simulation method for high-dimensional problems. Furthermore, the ap-
plication of neural networks to economics dates back to Duffy and McNelis (2001),
who construct the PEA method with a neural network. Notably, an early and innova-
tive (but unnoticed and unpublished) working paper by Jirnyi and Lepetyuk (2011)
preceded the current machine learning boom, introducing a prescient framework to
solve the Bellman equation for the canonical Krusell-Smith economy by synthesizing
tabular approximation, approximate dynamic programming, nonparametric statis-
tics, and nearest-neighbor clustering. More recently, Yang et al. (2025) introduce a
structural reinforcement learning method based on policy-gradient learning.

At the SCE 2018 meeting, Pablo Winant presented an early version of Maliar
et al. (2021), showing how, for the consumption-savings problem, to convert the
three fundamental objects of economic dynamics—lifetime reward (REINFORCE),
Euler equation, and Bellman equation—into objective functions for deep learning
that are minimized in TensorFlow by means of an all-in-one expectation operator.*

!This presentation is recorded and available at https://www.youtube.com/watch?v=u7_
CdytTEeS.
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Fernandez-Villaverde et al. (2023) illustrate the applicability of neural networks to
two-dimensional interpolation, and the papers by Maliar et al. (2021), Azinovic et al.
(2022), and Han et al. (2026) illustrate the power of deep learning for solving high-
dimensional applications; see Fernandez-Villaverde (2025) for a recent review. There
are also papers by Maliar and Maliar (2022) and Li et al. (2026) that use deep learning
to solve discrete-continuous dynamic choice problems by treating discrete economic
decisions as categorical tasks optimized end-to-end via deep neural networks.

Nonetheless, as Cai and Judd (2010, 2013) show, functional approximations such
as polynomials tend to produce wiggly, inaccurate solutions for value and policy func-
tions. Attaining higher accuracy requires imposing either additional constraints of
monotonicity and concavity, or employing Hermite-type interpolation where the value
function is approximated together with its derivatives; see Cai and Judd (2014) for a
comprehensive review. However, these shape-preserving and high-order approaches
are computationally expensive; thus, tractability remains a persistent barrier for
large-scale optimal control applications in economics. This issue led to numerical
instability of the Bellman iteration via the all-in-one expectation method in Maliar
et al. (2021). The separation of policy and value learning in the iAC method al-
lowed us to correct the numerical instability of the Bellman method in Maliar et al.
(2021) and to solve the optimal control problems accurately without imposing shape-
preserving restrictions, while the deep-learning basis makes the iAC method tractable
for very large applications.

The rest of the paper is as follows: Section 2 formulates the dynamic problem and
introduces the iAC method in the benchmark consumption—savings setting. Section
3 establishes the formal results of convergence and accuracy bounds in the context of
the canonical consumption—savings problem. Section 4 reviews the RL methods that
motivate the 1AC design. Section 5 applies the same training logic to heterogeneous-
agent applications. Section 6 concludes.

2. Informed Actor—Critic Method

In this section, we formulate the studied class of dynamic economic models,
introduce the iAC solution method and illustrate its application in a canonical
consumption—savings model.

2.1. A class of dynamic economic problems

We study a broad class of dynamic economic problems that can be written in
recursive form. At each date t > 0, the agent chooses a control variable a; given the



vector of endogenous and exogenous states x; and z;, respectively. The goal is to
solve

{at}i>0

max ]EOZﬂtu(xt,zt,at), (1)
t=0
subject to feasibility conditions
a; € A(xy, z) and h(zy, 2, a;) > 0, (2)
the law of motion for endogenous variables

Tiy1 = G(It, 2ty At Zt-i—l)v (3)

and the process for exogenous states which is represented either as a finite-state
Markov chain or as a continuous-state Markov process such as

In Zt41 = plIl 2y + O&t41, Etq1 N(O, 1) (4)

where 8 € [0,1), p € (—1,1) and o > 0 are the parameters. This class contains
canonical consumption—savings problems—including multi-asset portfolios and en-
dogenous labor supply—as well as advanced heterogeneous-agent models where ag-
gregate states and equilibrium variables are embedded in the state vector x;.

2.2. 1AC method
The recursive structure of the problem ((1))—((2)) implies the Bellman equation

V() = max {uls,q) + BE[V(S) | s.al}. )

where s = (z, 2) is a vector of the economy’s endogenous and exogenous states. This
abstract state notation is used in the formal results below. In the model-specific
sections, the state can be assets, cash-on-hand, wealth, or a larger vector, as long
as the notation is kept consistent within each model. The compact-domain condi-
tions behind the formal Bellman arguments are summarized in Assumption 1, and
the contraction argument is given in Lemma 1. We parameterize the policy and
value functions using deep neural networks my and V,,, interpreted as the actor and
critic, respectively. The actor proposes an action a = my(s), while the critic evalu-
ates the expected long-term value of those actions V,(s). Proposition 1 formalizes
why this value-only critic can still induce the one-step action-value object needed
for policy improvement. The method operates through two alternating passes. In
the notation below, “action” includes the model-specific parameterization used in



the implementation. For example, the actor may output consumption, next-period
assets, a consumption rate, or a savings rate. The economic action is then obtained
through the model’s budget equation and feasibility map. Formally, one can write
bo(s) = me(s) and (co(s), xp(s)) = V(s,by(s)). To keep the main notation compact,
we write this choice simply as a = my(s).

Forward pass (critic update):. The critic aims to minimize an actor-conditioned Bell-
man residual with respect to its target V,, on a set of points s; ~ S. That is, condi-
tional on the frozen actor, the critic fits the left-hand side of the Bellman equation
to the one-step right-hand side generated by that actor.

Ly(w) = Eqos [(Va(ss) — )] (6)
taking the frozen copies of actor and critic # and @ as given
yi = u(sy, mg(si)) + BE [Vis(s))] si = f(si,mg(s:),€'). (7)

Here V; denotes either a soft target critic or a stop-gradient copy of the current
critic, depending on the implementation.

Backward pass (actor update):. The actor aims to maximize the expected value of
its actions. This is the policy-improvement part of the Bellman maximization: the
critic fits the Bellman right-hand side generated by a given actor, while the actor
changes the action inside that right-hand side.

Tx(0) = Eq, s [u(si, mo(s:)) + BE [Va(s))]], si = f(si,ma(s:).€'),  (8)

taking the frozen copy of the critic w as given. The gradient identity behind this
actor update is stated in Proposition 3.

Learning process. The learning process takes place as a sequence of alternating for-
ward and backward passes:

nLin Ly(w), max T=(6), 9)

subject to transition equations, feasibility conditions, and equilibrium restrictions
that define the economic model itself.

2.3. The design of the iAC method

The iAC method uses three ingredients. First, it uses an actor—critic architecture.
This separates policy choice from value evaluation. Second, it uses simulation and
neural networks. This helps in high-dimensional models. Third, it uses model-based
gradient propagation when the relevant model equations are known and cheap to
evaluate.



i) Why the actor—critic architecture. The actor—critic architecture separates policy
choice from value evaluation. This helps avoid two problems. Pure value-based
methods, such as Q-learning, usually need grids over states and actions. They can be
accurate, but they scale poorly. Pure policy-gradient methods, such as REINFORCE,
work with simulated trajectories. They scale better, but their gradients can have high
variance. Actor—critic methods combine the two ideas. The actor learns a policy.
The critic gives a value estimate that is less noisy than a pure Monte Carlo return.

ii) Why stochastic simulation and deep learning?. Classical interpolation methods
work on grids. They can be accurate, but the grid grows quickly when the state
space expands. Simulation avoids this problem by focusing on the part of the state
space that is actually visited by the model.? Neural networks are useful on this
kind of simulated data because the points do not need to lie on a rectangular grid.
They also provide global approximations and can fit nonlinear functions. We can
implement these approximations with standard software such as TensorFlow and
PyTorch.

ii1) Why model-based gradient propagation?. Actor—critic is often introduced in the
RL literature as a model-free method. In standard DDPG, the actor is updated
through a learned state-action critic:

JMF(‘Q) = Es [Qw(sa 7T9(8))] ) VGJMF(9> = ]Es Dgﬂ'g(S)Tanw(s, a)}a:ﬂ—e(s)] :
(10)
The transition from s to s’ enters through sampled data in the replay buffer. The
actor gradient passes through the learned object @, (s,a). It does not directly use
the economic transition equation that generated s'.
In economic applications, useful model structure is often known. The iAC im-
plementation uses this structure in a one-step Bellman objective. The next state is

written explicitly as
s' = f(s,m(s),€"). (11)
The actor objective becomes

JAC(0) = Euer [r(s,mo(5)) + BVl f (5, 7(s),€))] - (12)

Here r is the one-period reward notation standard in reinforcement learning. In the
economic dynamic programs studied below, this reward is the one-period payoff, so

2Judd et al. (2011) argue that the ergodic set is an infinitesimal fraction of the rectangular grid
in high-dimensional applications.



r(s,a) = u(s,a). Holding the target critic fixed, the actor gradient is
Vo JAC(0) = E, - [Dmrg {ra s,a) + Bfa(s,a,e) Ve V(s Ha Y s)} (13)

The extra term f,(s,a,e') "V, Vis(s') is the part that model-free DDPG does not use
directly. This gives a model-based gradient path

mo(s) = s — V()

inside the actor update.

In the benchmark consumption—savings problem, let w denote cash-on-hand. If
the actor chooses consumption cy(w, z), next-period assets are k' = w — ¢p(w, z) and
next-period cash-on-hand is w’ = Rk’ 4+ y(z’). The corresponding actor derivative is

vgJiAC(e) =F [{UC(CG(w7 Z)) — 6REZ/|ZVUJ(U),7 Z/>} VGCG(U), Z)] . (14)

Thus the actor is not trained only from a noisy realized return or from a black-box
(2 approximation. It receives the derivative of the continuation value with respect
to the current action through the known transition map. This is one way the iAC
method uses model information inside the actor—critic architecture. Equation (14)
is the consumption—savings instance of the general gradient-penetration identity in
Proposition 3; its Euler interpretation is given in Corollary 2. The formal error
comparison in Proposition 4 clarifies the role of this path: the actor no longer relies
on a learned state-action-gradient channel alone, and smaller actor-gradient errors
imply smaller stationarity neighborhoods for the actor update.

iv) Why V-learning. The benchmark also shows that V-learning is simpler and
cheaper than Q-learning in the studied class of problems. In problems with a dis-
crete set of actions, Q-learning has the advantage that it allows us to recover the
policy function with a straightforward maximum operator. In our analysis, the set
of actions is continuous, so finding a policy function from the Q-function involves a
non-trivial numerical optimization problem.

v) Why one-step Bellman training?. The distinction is also important relative to
simulation-heavy methods such as Han et al. (2026). Those methods can work well,
but they rely more on multi-period simulation. The iAC method is organized around
one-step Bellman targets. The target is current reward plus next-period continuation
value. The known transition map gives the next state. This lets us train directly
from the local Bellman recursion.

10



2.4. Implementation in a consumption—savings problem

We describe the implementation and performance of a baseline iAC method in a
canonical consumption—savings problem.

2.4.1. The model
We consider a one-agent version of the model (1)—(4) in which the state is cash-
on-hand w; and the agent faces a trade-off between consumption and savings:

max [E bu(e 15
{ct,ktr1}e>0 Otz:;ﬁ (t) ( )

subject to the budget constraint ¢; + k.1 = w;, the cash-on-hand transition

Wi = Rkr + y(2e41),

the shock process Inz 1 = plnz, + ogyyq with g4 ~ N(0,1), and the feasibility
conditions k;; > k and ¢; > ¢ > 0, where 8 € [0,1), p € (—1,1) and o > 0 are the
parameters. The Bellman equation is

V(w,z) = Jnax {u(w—K)+ BE[V(RK +y(z),7) | 2] }, (16)
where C(w) = {k' > k : w — k" > ¢} is the feasible savings set. The Bellman equa-
tion is written with next-period assets as the choice variable and cash-on-hand as
the state. In the neural implementation, the same feasible choice is parameterized
by a bounded consumption ratio, so cp(w, z) = wp(w, z) after the feasibility ad-
justment. Corollary 2 records the corresponding interior Euler interpretation of this
actor objective.

2.4.2. Pseudocode
Below, we show pseudocode for solving the consumption—savings problem.

11



Algorithm 1 Benchmark implementation of the iAC method

10:

11:
12:

13:

14:

15:
16:
17:

Initialize actor parameters 6
Initialize value critic parameters w
Initialize frozen actor parameters 6 < 6
Initialize target critic parameters w < w
repeat
Sample a batch of replayed states (and stored shock draws, if used) {s;}
for each state s; do
Actor outputs an action parameter and the feasibility map converts it into
economic choices

N
=1

bi = mg(s4), (cir ;) = W(s4,b:)

Use the known transition equation and the chosen integration rule to form
the continuation target

C; = E. [Va(f (si, 27, €))]

Construct Bellman-consistent target

~

yi = u(ci) + BC;

end for
Update critic by minimizing

Ly(w) = %Z(Vw(si) - yi)Q

Update actor by maximizing

N

jﬁ(‘g) - %Z [U(C@J) + BEE’VE(JC(Sh xé,z’? 5,))} ) (09,1'7 lj&,z) - \Ij(sia 7T9(8i))

=1

Apply model-based gradient propagation through W(:) and the known tran-
sition function f(-) while holding V4 fixed

Hard-update frozen actor: 6 < 6

Soft-update the target critic: @ + 7,w + (1 — 7,)w
until training losses and policy stabilize

In the benchmark implementation, both the policy and value functions are ap-

12



proximated with feedforward neural networks that take the current state (w,z) as
input. The actor uses two hidden layers with 64 tanh units and a sigmoid output
layer to produce a bounded consumption ratio (), while the critic uses the same
hidden-layer architecture with a linear output to approximate the value function.
We train the two networks with Adam, using a learning rate of 10~* for the actor
and 1072 for the critic, a batch size of 256, and geometric learning-rate decay to
a floor of 1075 over 50,000 gradient steps. The critic is trained by minimizing the
squared actor-conditioned Bellman residual, and the actor is trained by maximizing
the corresponding one-step Bellman objective through backpropagation of gradients
through the known transition law. The formal convergence interpretation of the ide-
alized update is summarized in Proposition 2, while the policy-loss interpretation of
the residual and greedy-improvement errors is summarized in Proposition 5. We use
two training-state designs in the paper. In the simple consumption—savings bench-
mark, states can be drawn directly from the computational state space. In the more
complex heterogeneous-agent models, training states are generated from simulations
under the policy being trained. Network weights are left at the default PyTorch
initialization.

2.4.3. Numerical solution

We compare the policy and value functions constructed by the iAC method with
those from an accurate VFI reference solution based on a wealth grid of size n, =
2000, an income-shock grid of size n, = 100, and an action grid of size n, = 2000;
see Appendix B.1.1 for more details about the reference solution.

Figure 1 shows that the iAC benchmark implementation is close to the reference
solution.

Table 1 summarizes the numerical accuracy of the preferred multi-sampling spec-
ification.

Table 1: iAC accuracy in the benchmark consumption—savings problem

Object Error metric Value
Consumption policy Mean percentage error 0.27%
Consumption policy Maximum percentage error 0.72%
Value function RMSE 1.1 x 1072
Value function Maximum absolute error 3.1x 1072
Value function Mean percentage error, excluding near- 1.9%

zero values

13
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Fig. 1: The iAC method versus accurate VFI in the canonical consumption—savings problem.

3. Formal results

This section states the formal interpretation behind the iAC construction. The
detailed proofs are collected in Appendix A. The results are stated for a local one-
step improvement operator. This is the object used in the benchmark consumption—
savings problem and in the local Bellman validation of the Krusell-Smith bench-
marks.

Assumption 1 (Computational dynamic program). The formal results are stated
on the compact computational domain used by the numerical algorithms. The state
space is compact, the feasible correspondence is nonempty and compact, the one-
period payoff is bounded and continuous on the feasible graph, and either the tran-
sition map is continuous and maps the computational domain back into itself or the
transition kernel is Feller and maps the computational domain back into itself. In
models with log or CRRA utility, the computational feasible set imposes a positive
consumption floor ¢ > ¢ > 0. The discount factor satisfies 8 € (0,1). For gradient
statements, the payoff, transition map, critic, and actor are differentiable on the in-
terior of the feasible region, the actor update is computed over a fixed training-state
distribution, and differentiation can be interchanged with integration. For policy-
distance bounds, the local feasible action set is convex on the region where the bound
is applied.

For a policy 7, define the actor-conditioned Bellman operator
(T7V)(s) = u(s, m(s)) + BE[V(f(s,7(s),€"))]. (17)

14



Here T™V means that the fixed-policy Bellman operator 7™ is applied to a candi-
date continuation value V. Similarly, 7'°°V means that the local one-step Bellman
improvement operator is applied to V. For local one-step improvement, define

(ToV)(s) = max {u(s,0)+ SE[V(F(s.a.2))]}. (13)
a loc($
In the simplest benchmark, Aj..(s) is the full feasible action set. In heterogeneous-

agent applications, it can represent the local one-household deviation used for vali-
dation.

Proposition 1 (Implicit action-value object). Under Assumption 1, the local Bell-
man operator is a contraction and has a unique fized point V1°*. Moreover, for any
continuation value V', the known payoff and transition equations induce the one-step
action-value object

QV(Sa CL) = u(sv a) + BFE [V<f(37 a, 5/))] ) (19)
so that
(T*V)(s) = max Qu(s,a). (20)

Proposition 2 (Idealized and approximate convergence). Suppose the idealized iAC
update tmplements the exact local greedy step

Vn+1 = TlOCVn- (21)
Then
IV = V[l < B[V = VI | (22)
More generally, if the implemented update satisfies
||Vn+1 - TlOCVnHoo S 571; (23)
then ,
HVn . Vloc,*”oo < 5nH% _ Vloc,*HOO + Zﬂn_l_jéj' (24)
§=0

In particular, if sup,, 6, < 9, then
: loc,* 5
limsup |V, = Voo £ —. (25)

If §,, — 0, then V,, — V°* uniformly.
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Proposition 3 (Gradient penetration). Fiz a target critic V. If the actor objective
18

J(0;0) = Ese [uls, mo(s)) + BVa(f (s, m0(s),€)] (26)

then, on the interior of the feasible region,
Vo (6:) = Eoer | Domo(s) " {ua(s, ) + Bfals, a,2) VoVl o] - 27)

Here Dymy(s) denotes the Jacobian of the actor output with respect to the parameter
vector.

Proposition 4 (Gradient-penetration error channel). Let giac(6; V') be the popula-
tion actor gradient generated by the one-step object Qv , and let go(6) be the actor
gradient generated by a learned state-action critic Q. If || Domo(s)|lop < My, then

190(0) = giac(0; V)| < MrE; | [[VaQu(s,a) = VaQv (s, 0)l\mryy| - (28)
If, in addition, || f.(s,a,&)|lep < My and |VV — VV*|| o < ny, then

lgiac(0; V) — giac(8; V°or)|| < BM M ny. (29)

Thus gradient penetration replaces the learned action-gradient channel V ,Q., with the
known derivatives of the one-step Bellman objective and the value-gradient error of
the critic. If an actor step uses an approximate gradient with error bounded by b, and
the actor objective is L-smooth and bounded above by Jyax, then for 0 <n < 1/(4L),

. 2(Jmax - J<90))
2
Jmin, V16| < =2

5
+ 5b?. (30)

Consequently, a smaller actor-gradient error bound implies a smaller stationarity
netghborhood for the actor optimization problem. This result should be read as a
gradient-quality and optimization-neighborhood statement, not as a universal finite-
sample speed-up theorem for arbitrary nonconvex neural-network training.

Remark 1 in the appendix gives a simple smooth-regression illustration in which
the value-gradient channel has a lower-dimensional statistical rate than a learned
state-action ()-gradient channel.

Proposition 5 (Local policy-loss bound). Let (V,fr) be an approximate iAC pair.
Suppose A o
[V =T"V|] <ev (31)
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and

0 < (T°V)(s) — (TTV)(s) < €roc  for all s. (32)
Then o
0oC,* T € €loc
IV = Voo < 5= (33)

Corollary 1 (Policy-function and validation bounds). Suppose the one-step objec-
tives Qu (s, ) and Qyroc (s, -) are p-strongly concave on the relevant interior feasible
set and have unique maximizers. Let

7(s) = arg max Qyrec(S,a). (34)
aeAloc(s)
If
0< Qp(s,m(s) — Qu(s, (s)) < eloc(s) (35)
and
sup ||V(IQV(S7 a) - an\/loc’* (37 CL) || S nNQ, (36)
then, at interior states,
5 . 2e10¢(8) | M
(o) - n (o)) < o[22l B (37)

At binding constraints, the same interpretation should be written in terms of the cor-
responding Kuhn—Tucker or subgradient gap rather than an interior policy-distance
formula. If || fallop < My and |[VV — VWV < ny, then ng < BM;my. Finally,
if a bounded validation residual p(s) € [0, M] is evaluated on independent states
S1y...,8N ~ U, then with probability at least 1 — 9,

EJp(9)] < w3 pls) + 2y B/, (38)

2N

1
N
1

i—

Numerical sampling, integration, or target-network errors can be included by
redefining the two residual terms in the same sup norm. The reported average-error
diagnostics should therefore be read as numerical analogues of these quantities, not
as direct inputs into the sup-norm bound. The high-probability bound in Corollary 1

gives a distributional interpretation of sampled validation errors; a global sup-norm
validation statement additionally requires grid coverage and Lipschitz extrapolation.
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Summary of the formal results. These statements address three theoretical questions
about the method. First, Proposition 2 gives exact convergence and approximate
convergence-neighborhood results for the idealized local Bellman iAC update. Sec-
ond, Proposition 3 and Proposition 4 show how gradient penetration changes the
actor-gradient error channel and the resulting stationarity neighborhood. Third,
Proposition 5 and Corollary 1 give value, policy-function, and sampled-validation
error bounds under strong assumptions. The detailed proofs are in Appendix A.

4. RL methods that informed the iAC design

We use the benchmark consumption—savings problem to test and compare a col-
lection of popular RL methods. For each method, we ask which ingredients are
useful in the context of the benchmark problem. On the basis of these experiments,
we design the iAC method shown in Section 2.

We will reformulate the consumption—savings problem in terms of the Q-learning
framework (Watkins and Dayan, 1992), which is characteristic of the RL literature.
In terms of the Q-function, the Bellman equation can be written as follows. The
action is the choice of next-period assets, &', and the Q-Bellman equation is

Q((w, 2), k') = u(w — k') + SE pnax Q(w',2'), k")

z] ) w' = RE +y(2)).

The corresponding state value is

Viw 2) = max Q(w,z2), k).

The learning update replaces full-grid Bellman iteration by pointwise updates,
Q(s,a) + Q(s,a) + o |7+ fmax Q(s',a') — Q(s, a)] , (39)

where s = (w, z) and a denotes the RL action.

Below, we consider Monte Carlo rollout, introduced by Tesauro and
Galperin (1996) and discussed by Bertsekas and Tsitsiklis (1996); REIN-
FORCE (Williams, 1992); PPO (Schulman et al., 2017); Dyna-Q, intro-
duced by Sutton (1991); Deep Q-Networks (DQN), introduced by Mnih
et al. (2015); Deep Deterministic Policy Gradient (DDPG), introduced by
Lillicrap et al. (2015); Soft Actor-Critic (SAC), introduced by Haarnoja
et al. (2018); and the all-in-One (AiO) Expectation Method proposed by
Maliar et al. (2021).
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4.1. Monte Carlo rollout.

Monte Carlo rollout evaluates candidate actions by simulating trajectories under
the known transition law. In simple RL notation, the rollout value of action a at
state s can be written as Q*'(s,a) = N~' S| Gi(s, a), where each simulated return
Gi(s,a) is generated by the model and a continuation policy after the first action.
The action is then chosen as 7(s) = arg max, Q™(s,a). The Monte Carlo rollout
produces accurate solutions in our consumption-savings problem. Rollout concen-

Consumption Policy Function (y=0) Value Function (y=0)

o 20
Wealth (w) Wealth (w)

Fig. 2: Monte Carlo rollout results in the consumption—savings benchmark

trates computation on states and actions that are locally relevant for the current
decision. A full global approximation is unnecessary for each local action compar-
ison. Repeated simulation can be expensive, especially when accurate comparison
across candidate actions requires many sampled trajectories or long planning hori-
zons. The iAC design keeps model-based action evaluation and compresses it into a
one-step Bellman target.

4.2. Dyna-Q.

Dyna-Q is implemented using tabular value storage on a discrete state grid and
a discrete action grid. In the benchmark consumption—savings problem, the state is
cash-on-hand and the action is next-period assets. For each visited grid point, the
algorithm records the realized reward and next state generated by the known budget
constraint and shock transition. Thus the stored model is a table

M(s,a) = (r, ).

The direct update is the standard Q-learning update in (39). The planning update
samples previously visited pairs (8, a) from M and applies the same Bellman update
to the synthetic transition M (S,a) = (7,5). When expectations over shocks are
evaluated, they are computed by applying the discrete shock transition probabilities
on the grid. This makes Dyna-Q a tabular, model-assisted benchmark; see Appendix
B.1.4.
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Dyna-Q introduces a model-assisted planning mechanism. The direct and plan-
ning phases use the same Bellman update. The planning phase reuses stored tran-
sitions. In the benchmark, additional planning steps improve accuracy, as shown in
Table 2. The limitation is also clear: planning remains tied to a discrete state-action
table.

Table 2: Representative Dyna-Q configurations in the benchmark consumption—savings problem

Test Planning Steps Time(s) MSEq MSEy Interpretation
1 0 448 1.12x1072 2.67x107*  pure Q-learning baseline
2 5t 17.84 241 x107% 533 x107° clear gain from planning
3 20 69.30 5.32x 10* 2.16 x 10~° higher precision, higher cost
Consumption Policy Training Convergence (Log Scale)

— Dyna-Q Palicy —— MSE Cons
=== VFI Benchmark

Consumption (c)
o
®
MSE (Log)

T T T T T T T T T T T T T T T T T
0.0 0.5 10 15 2.0 25 3.0 3.5 4.0 o] 20000 40000 60000 80000 100000 120000 140000
Wealth (w) Episode

Fig. 3: Dyna-Q in the benchmark consumption—savings problem. The policy panel shows the
tabular model-assisted solution against the VFI benchmark; the convergence panel reports the
decline in the consumption-policy error.

The Dyna-Q architecture has three useful features. First, learning from stored
transitions reduces the dependence on the order of simulated shocks. Second, plan-
ning updates propagate value information across previously visited state-action pairs
without waiting for new episodes. Third, the method shows that the coverage of
state-action pairs matters. Reusing a very narrow set of transitions cannot repair
poor coverage of the economically relevant region. The corresponding iAC implica-
tion is to use model information inside the Bellman target while choosing training
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states that cover the relevant parts of the state space. Repeated updates from a
small set of sampled transitions provide a weaker training signal.

4.3. Deep Q-Networks (DQN).

The second source starts from the limits of tabular state-action methods. The
next step is to use neural networks and continuous actions. This source identifies
useful engineering mechanisms. It also shows where known economic equations can
guide training more directly than a learned model-free channel.

The next step is to replace tabular value storage by a neural network. In DQN,
the state—action value is approximated by a neural network Qy(s,a) trained from
Bellman targets:

L(0) = E[(Qo(si, a:) — )], (40)
with y; = r; + S max, Qg(s}, a’).

Policy Function: C: (MSE=9.73e-04) Value Function (MSE=2.02e-04)

Fig. 4: DQN in the benchmark consumption—savings problem. The value function is already close
to the benchmark reference solution. Policy oscillations remain because the action space is still
discretized.

In the benchmark consumption—savings problem, DQN improves the value side
of the problem. The network smooths over neighboring states and removes the rigid
point-by-point structure of the table. The action space remains discrete, so policy
recovery remains uneven even when the value fit is already strong. The iAC design
keeps neural approximation and uses a continuous actor.

4.4. Deep Deterministic Policy Gradient (DDPG)

DDPG addresses the action-grid problem by using a continuous actor. It sepa-
rates policy optimization from value fitting and works with continuous actions. It
introduces a deterministic actor my(s) and a critic @, (s, a) with distinct update rules:

Lo(w) = E|(Quls,a) — [r + BQs(s', ms(s))])°] (41)
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and

max E[Q. (s, mo(s))]. (42)

For iAC, the main lesson from DDPG is the actor—critic training structure. The
actor gives a continuous policy. The critic gives a value signal used for policy im-
provement. A deterministic actor is also natural in economic applications because
the target object is a state-contingent choice rule. The benchmark consumption—
savings problem shows the weak side of a learned model-free Q channel, as shown in
Figure 5.

Because the actor is deterministic, exploration must be injected from outside. If
the critic is inaccurate early on, the actor can move toward immediate consumption
and get trapped there. This is a training-channel lesson. The deterministic actor
can be useful when the economic equations give a reliable policy-improvement signal.
The 1AC response keeps the separated actor—critic structure. It gives the actor a one-
step Bellman objective generated by the payoff, feasibility, and transition equations,
with the value critic supplying continuation values.

4.5. Soft Actor-Critic (SAC)

SAC keeps the actor—critic split of DDPG. It replaces the deterministic actor by
a stochastic one and adds entropy regularization. In compact notation, the actor
minimizes the loss

L.(0) =E[alogm(a|s) — mkin Qo (s, a)], (43)
while the critic is trained from soft Bellman targets,
y=1+LEur, [mkm Q3. (s',a") — alogmy(a’ | s')} ) (44)
With adaptive temperature, the entropy weight itself is learned,
Lo(a) =E[—a(logms(a | s)+H)]. (45)

In the benchmark consumption—savings problem, SAC has the lowest policy error
among the pure model-free deep RL candidates considered here.

After DQN, DDPG, and SAC, the benchmark has neural state approximation,
continuous actions, separated actor and critic updates, and stochastic exploration.
The third panel in Figure 6 serves as a diagnostic. It removes the level component
induced by the SAC temperature term. In the soft Bellman target, the continuation
value contains the entropy adjustment

Veolt(s) = Eonr [Q(s,a) — alogm(a | 5)].

22



Consumption

Value

1.6

—— Real-DDPG
——- VFI

—— Real-DDPG
——- VFI

35 4.0

Consumption

0.0 0.5 15 2.0

Value

2.5

3.0 3.5 4.0

4.0

—— Real-DDPG
——= VFI

—20 4

—40 4

—60

—80 4

—— Real-DDPG
-—- VFI

0.0 0.5 15 2.0

25

3.0 3.5 4.0

Fig. 5: Two DDPG outcomes in the benchmark consumption—savings problem. The upper panel
shows a run that nearly matches the VFI benchmark, although with visible local wiggles in the
consumption policy. The lower panel shows a run in which the deterministic actor collapses toward
an all-consumption local optimum before the critic has learned the value of savings accurately.
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Fig. 6: SAC with adaptive temperature. Relative to DDPG, stochastic exploration stabilizes learn-
ing and produces a smoother policy in the benchmark consumption-savings problem. The raw
SAC critic estimates the entropy-regularized soft value. The value-aligned panel subtracts the
temperature-induced level component before comparing the shape with the VFI value.

The critic estimates an entropy-regularized value object that differs from the VFI
benchmark. For plotting, we report

N
' 1
Valzgned(s) — VSOft(S> _ AO“ a = N Z Vsoft Sl VVFI(SZ')) 5

which removes the average temperature-related level difference and makes the value-
shape comparison easier to read. The main economic comparison uses the policy
panel and the standard value panel. The aligned panel diagnoses whether the re-
maining difference is mainly a level shift or a shape error.

SAC is useful because it shows that additional exploration and stabilization mech-
anisms can improve model-free actor—critic learning. Its stochastic policy is valuable
for exploration in black-box environments. In the economic problems studied here,
the final object is a state-contingent economic choice rule, and the model equations
already give strong guidance about payoffs, feasibility, and transitions. The iAC
design uses this structure as the main stabilization and policy-improvement channel,
with less reliance on entropy-regularized exploration.

4.6. All-in-one expectation method

The Bellman-based deep learning method of Maliar et al. (2021) occupies a dif-
ferent position from the model-free methods above. It is already model-informed:
it uses the economic Bellman equation and a neural value function. This makes it
an important bridge to iAC. It shows that value-function learning can be used with
neural approximation in continuous economic control.
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The limitation for the present design lies in the training structure. In the Bellman
residual formulation, policy improvement and value fitting are combined inside one
objective. The two roles can interfere with each other. Schematically, one may think
of this approach as optimizing a single Bellman-based objective in both policy and
value parameters at once:

2

Lp(w,0) ~E [(Vw(s) — {u(s,mo(s)) + BE[V,(s) | s,m9(s)] })
— AE [u(s, mo(s)) + BE[V,(s) | s,m(s)]] . (46)

This joint objective is conceptually appealing. It mixes policy optimization and
value fitting in one optimization problem. In the benchmark consumption—savings
implementation used here, this mixing is less stable than a separated actor—critic
architecture. The design implication is direct. Model information should be used
inside a training structure that separates critic fitting from actor improvement.

Policy Value

==¢VEL =T
1.4 —— MMW-style -

consumption
o
[e0]
value

—=+ VFI
—— MMW-style, aligned

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
wealth wealth

Fig. 7: Bellman-based deep learning in the benchmark consumption—savings problem. The figure
reports the policy and value objects from the saved Bellman-based implementation against the VFI
benchmark. The value panel is aligned by a constant level shift to emphasize shape.

4.7. The Resulting iAC Design

The benchmark evidence leads to a compact design. iAC keeps neural approxima-
tion, a continuous actor, and separated actor—critic updates. It also keeps Bellman
discipline because economic dynamic problems are recursive. The main change is
the information channel. The actor and critic are trained with the known payoff,
feasibility, and transition equations.
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Table 3: Benchmark evidence and the resulting iAC design choices

Design requirement

Benchmark motivation

iAC implementation

Continuous economic con-
trol

Feasibility by construction

Value critic

One-step Bellman target

Model-based actor gradient

Local Bellman diagnostics

Discrete action grids in Q-
learning and DQN create
policy recovery problems.
Economic choices must sat-
isfy budget and constraint
restrictions.

A learned Q(s,a) adds an
action dimension and can
give unstable actor gradi-
ents.

Rollout and Dyna-Q show
the value of model-based
evaluation. Repeated simu-
lation and tables are costly.
Deep actor—critic methods
need a stable policy-
improvement signal.

appli-
validation

High-dimensional
cations
beyond aggregate simula-
tions.

need

The actor outputs a contin-
uous control or a bounded
choice parameter.

A model-specific map ¥
converts network outputs
into feasible actions.

The critic approximates
V.(s), the continuation
value.

The critic target is cur-
rent payoff plus discounted
continuation value after the
known transition.

The actor gradient passes
through payoff, feasibility,
transition equations, and
the fixed value critic.

We report
conditioned
residuals and local opti-
mality errors.

actor-
Bellman
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The key technical point is that iAC can use a value critic without losing the
action dependence needed for policy improvement. For any continuation value V',
the known payoff and transition equations induce the one-step action-value object

Qv(s,a) =u(s,a) + BE[V(f(s,a,&))]. (47)

The value critic supplies continuation values. The economic equations supply the
action dependence. The critic can fit V (s). The actor is improved by differentiating
the one-step Bellman right-hand side through the known model equations. This
is the sense in which iAC is informed. The training loop uses available economic
structure directly.

5. High-Dimensional Applications of iAC

5.1. General logic of 1AC heterogeneous-agent applications

The high-dimensional applications below keep the same iAC training logic: con-
tinuous actors, value critics, model-specific feasibility maps, one-step Bellman tar-
gets, and actor gradients through known economic equations. The surrounding eco-
nomic objects change. Heterogeneous-agent models add simulated state distributions
and equilibrium price or belief objects. OLG models add age, terminal conditions,
and macro belief updating.

What changes across models is the implementation. In the benchmark, the transi-
tion equation and expectation can be used directly at low cost. In higher-dimensional
models, only some structural objects can be imposed directly. The rest is handled
by approximation, simulation, or equilibrium iteration.

The applications below show how the iAC method is adapted to different models.
We first use the classical two-shock Krusell-Smith benchmark, which is also studied
by Han et al. (2026). This model has a reference spline policy, so we can com-
pare policies directly. We then study a Krusell-Smith model with AR(1) aggregate
shocks and compare with the Bellman and Euler benchmarks in Maliar et al. (2021).
Finally, we consider an extension with endogenous labor supply and an overlapping-
generations environment. In each case, the states, controls, equilibrium mappings,
and model-based gradient propagation are adapted to the model.

5.2. Two-Shock Krusell-Smith Benchmark

We begin with the classical two-shock Krusell-Smith benchmark. This model
has a reference spline policy. We can therefore compare policy accuracy, the implied
distribution, aggregate simulation paths, and Bellman errors in the same setting.
We follow the Krusell-Smith moment representation and use aggregate capital as
the belief state. This makes the comparison with Han et al. (2026) direct.
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5.2.1. Model Setup

Households have CRRA preferences and choose consumption and next-period
capital,
0 =y _q
max Byl =L
{ci ki, } — 1—v

The individual budget constraint is
ki =Riki+We,—c, >0, ki >0,

where €} € {0, 1} is the employment state. Aggregate productivity z; € {z,, 2} and
employment follow the standard joint transition matrix

e, (er,2) = Pr(eq1 = e, 241 =2 ler =€, 2, = 2).
The representative firm has production
Y, = 5 KLy,
so factor prices are
Ri=1-0+axK¥'L;i Wy =01 —a)z KL~

Following the Krusell-Smith moment representation, the aggregate state is summa-
rized by aggregate capital K;. Thus the household policy can be written as a function
of individual capital, employment status, aggregate productivity, and aggregate cap-
ital,

ci = (ki e, 21, Ky).

The comparison below evaluates how closely different neural solution methods ap-
proximate this reference household policy and the distribution and aggregate paths
it implies.

5.2.2. Benchmark Comparison

We compare three objects in the same two-shock benchmark: the reference spline
solution, a replication of the released DeepHAM code associated with Han et al.
(2026), and our iAC implementation. The comparison is meant to understand where
the methods are accurate. DeepHAM is a useful simulation-based method. The
results below show that it produces accurate aggregate simulations. The reference
spline also lets us check policy-level accuracy.

Figure 8 reports the baseline policy comparison. The iAC run in this figure
uses the same low-dimensional moment state representation. Both neural-network
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Fig. 8: Policy comparison in the two-shock Krusell-Smith benchmark. The baseline iAC policy
uses the same low-dimensional moment state representation as the DeepHAM comparison.
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methods therefore face the same coverage issue. Low-capital states are economically
important, but long simulations visit them infrequently.

The baseline comparison shows two facts. First, the released-code DeepHAM
replication is accurate in the central part of the state space. It has visible deviations
from the reference spline in the low-capital kink region and in parts of the high-
capital region. Second, the iAC policy is closer to the reference spline over a wider
range of capital states. This is consistent with the iAC construction above. The actor
is trained against a local one-step Bellman signal at the sampled household states.
The low-capital deviations should be read as a sample-coverage issue. They do not
show that DeepHAM cannot solve this model. In this two-shock implementation,
“local” means that the actor evaluates one-household deviations while holding the
aggregate belief and pricing object at the baseline generated by the current policy.
The household’s candidate next-period capital still enters its continuation value, but
the aggregate belief channel is not re-optimized inside this local deviation. This is
the Bellman object used in the local validation below and corresponds to the local
operator in Proposition 5.

Figure 9 supports this interpretation. With the same iAC architecture, a small
amount of low-capital sampling improves the kink region. This refinement is simple.
It adds Bellman and actor training points in a region where ordinary simulations
generate few observations. A similar sampling refinement could also be used with
DeepHAM or other simulation-based methods when low-probability regions matter.

Figure 10 reports the policy-implied capital distributions for the baseline com-
parison. No upper cap is imposed on the DeepHAM simulation in the main text.
This comparison is useful because similar policies near the center of the distribution
can still imply different stationary distributions.

Figure 11 compares aggregate simulation paths under common aggregate shocks.
The aggregate paths are close for all three solutions. This is true even though
Figure 8 shows policy-level differences. Aggregate capital and aggregate consumption
are cross-sectional averages, so aggregate paths can hide local policy errors.

All experiments in this comparison were run on a desktop with an Intel Core i7-
12700KF CPU and an NVIDIA GeForce RTX 3080 GPU (10 GB VRAM). DeepHAM
was run with the default parameter settings from its released public code.

The Bellman validation in Table 4 gives the same message as the policy com-
parison. The iAC method has lower expectation and local optimality errors in the
baseline case. The two-shock benchmark gives two lessons. First, the one-step Bell-
man iAC construction performs well in these policy-training diagnostics for this
heterogeneous-agent model. Second, aggregate paths are not enough when a ref-
erence solution is available. It is useful to also check policies, distributions, and local
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Fig. 9: iAC policy after a small low-capital sample refinement. The figure uses one seed and shows
that the kink-region discrepancy is mainly a coverage issue.

Table 4: Bellman validation in the two-shock Krusell-Smith benchmark

Method Runtime, sec. FExpectation MAE  Optimality MAE
DeepHAM 9660 0.01303 0.01512
iAC method 4740 0.00779 0.00814

Notes: Expectation MAE is the sampled mean absolute actor-conditioned Bellman residual.
Optimality MAE is the sampled mean absolute gap from the local one-step Bellman improvement,

holding aggregate beliefs and prices fixed at the current policy objects.
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Fig. 10: Policy-implied capital distributions in the baseline comparison, without an upper capital
cap in the DeepHAM simulation.
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Fig. 11: Aggregate simulation paths under common shocks. The comparison uses the reference
spline, the released-code DeepHAM policy, and the iAC policy, with no upper capital cap imposed
on the DeepHAM simulation.
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Bellman errors. In the terminology of the formal discussion, the expectation error
is the sampled analogue of the actor-conditioned Bellman residual, while the local
optimality error is the sampled analogue of the local actor greedy error:

Bellman expectation error = ¢y, Bellman local optimality error ~ g,..

These are sampled average-error analogues of the residual terms in Proposition 5; the
proposition itself is a sup-norm statement. Corollary 1 gives the corresponding high-
probability interpretation for sampled mean residuals over the validation distribution.

Appendix C reports additional low-capital multi-seed and capped-simulation
figures.

5.3. Krusell-Smith with AR(1) Aggregate Shock: Comparison with Maliar et al.
(2021)

The Krusell-Smith model is the first high-dimensional iAC application with con-
tinuous aggregate shocks. It differs from the two-shock benchmark above. Aggregate
productivity follows an AR(1) process rather than a two-state Markov chain. The
comparison is now with the Bellman and Euler implementations in Maliar et al.
(2021). The method is the same, but the state transitions are richer. The algorithm
must choose which structural objects are useful for equilibrium learning. In this
AR(1) implementation, the policy-improvement step is local at sampled household
states. Aggregate beliefs and prices are generated by the current simulated economy
and are held fixed inside the one-household Bellman improvement. This keeps the
training object aligned with the local operator used in the formal results.

5.3.1. Model Setup

The model has ¢ heterogeneous agents. They share the same preferences, but
they differ in productivity and asset holdings.

Each agent i chooses consumption ¢ and next-period assets k! 41 to maximize
expected lifetime CRRA utility:

* 1=y _q
max By |3 gl =1
CRLARY =0 L=~
st. ki, =w—c, ci e (0,w! — K|

Wyyy = Byprkypy + Wigpe¥irt,

Here, w! is agent 4’s cash-on-hand at the beginning of period ¢, y is their log labor
productivity, k is the borrowing limit, R, is the gross return on assets (1+7;), and W,
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is the wage rate. Each agent provides one unit of labor, and their log productivity
yi follows an exogenous AR(1) process:

y§+1 = pyyi + 0y61+1a with Ei-‘,—l ~ N(0,1) (48)

A representative firm uses aggregate capital K; and aggregate effective labor L;
for production via a Cobb-Douglas function:

F(Kt, Lt) = Zth‘Lgia (49)

Aggregate productivity is z; = exp(A;), where log productivity follows an exoge-
nous AR(1) process:

At+1 = pzAt + O€t41, with €tr1 N(O, 1) (50)

Aggregate capital K, is the sum of beginning-of-period asset holdings, K; =
Zle k!, and aggregate effective labor L; is the sum of individual effective labor
units L, = S0 exp(y{). Factor prices are determined by marginal products (¢ is
the depreciation rate):

Ri=1-6+zaK 'L (51)
Wt = Zt(l — Oé)KtaL;a (52)

5.3.2. State Space and Neural Network Input:

In theory, an agent’s decision depends on their own state (w!,y!) and the ag-
gregate state. The aggregate state depends on the distribution of agent states
D; = {(w,y})}¢ and the aggregate productivity shock z;. In the neural network
implementation, this high-dimensional state information is used as input. For agent
i, the input vector h} contains:

e Current state information of all agents: D; = {(wi, yi)}¢.
e The current aggregate shock: z;.
e Agent i’s own specific state: (w},y}).

Thus, for each agent i, the input layer dimension is 2¢ + 1 4 2 = 2¢ + 3.
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5.8.8. Neural Network Approximations
We use neural networks to approximate the key functions:

e Policy Function (Consumption Ratio): 1(s{; 61) outputs the ratio of consump-

tion to cash-on-hand ;—é, using a sigmoid function to ensure it lies within [0, 1].
t

Ci . . }
Eti = U(C(z)p + Lw(%wz»Dt, Zt;’Ud})) = 7?(535391) (53)
t

e Value Function: V (si;0,) directly outputs the estimated value of state st.
Vi =G+ Y (yi, wi, Dy, z0%) = V (s} 03) (54)

Here, «(-) represents the neural network (with parameters v), (y is a learnable
adjustment coefficient, and 6 = {(y,v} denotes all parameters for that network.
These networks share the same input structure hl.

5.3.4. Pseudocode

Algorithm 2 writes the AR(1) Krusell-Smith implementation in the same iAC
notation used above. The policy network outputs a consumption-rate parameter,
the feasibility map converts it into consumption and savings, and the memory pool
is refreshed by simulations under the current policy. The actor update uses local
household Bellman improvements at sampled states.

5.3.5. Results

We apply the proposed solver to the Krusell-Smith model and compare the results
with the Bellman and Euler benchmarks in Maliar et al. (2021). This is the AR(1)
aggregate-shock comparison; the two-shock comparison with Han et al. (2026) was
reported separately above.

Overall Solution Quality and Steady-State Stmulation. In this implementation, the
learned policy functions have the expected monotonicity patterns for the Krusell-
Smith model. The learned policy function ¢ in Figure 12b shows the expected
comparative statics: the consumption rate declines with assets and increases with
productivity. When the policy is used in long-run simulations, the main aggre-
gate variables, including aggregate capital, remain bounded and fluctuate around a
steady-state region, as shown in Figure 12c. This behavior is consistent with the
economic structure of the model and with existing benchmark results.
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Algorithm 2 iAC training for the AR(1) Krusell-Smith model

Neural Network Settings

dF(S;0F): Policy network

®Y(S;0V): Value network

St = ({w, ¥ }jer, 2, W', y") > Agent state representation
Initialization

Initialize ©F, ©F with normal initialization

Initialize memory pool M P <« ()

Draw initial economy states Datag™ € RBatchsim*Lx2

9: Fill M P with initial simulated states from Data§™

10: for k =1 to Epochspretrain dO

11: Pretrain Value Network

12: for iter =1 to train_value times each step do

13: Sample batch {w!, y'}£, ~ MP

14: Compute b = (5% 04,,.4) and (¢, k") = (5", b')

15: Compute target o' = u(c’) + SEy[®Y (S O izea)]

16: Update ©: min + 3¢ LS [9V(Si0V) — ¢ |2

17: end for

18: end for

19: for k =1 to Epochs;ye do

20: for phase =1 to alternating steps do

21: Policy Network Update

22: for iter =1 to train_policy times each step do

23: Sample batch {w® y'}£, ~ MP

24: Compute b' = ®7(S%; OF) and (¢, k") = ¥ (5%, b")

25: Compute local actor gradient: VerEy[u(c') + SV (S("); OF;pea)]
26: Update ©F using Adam

27: end for

28: Value Network Update

29: for iter =1 to train_value times each step do

30: Sample new batch {w’,y'}, ~ MP

31: Compute b' = (S 0%,,.4) and (¢, k") = ¥(5°, 1)
32: Compute ' = u(c’) + BEy[®Y (S”; 0Y,,.0)]

33: Update ©V: min 2 S°F LS [@V(SH0V) — i ]2
34: end for

35: end for

36: Memory Pool Update

37: for sim =1 to simulate times do

38: Simulate mnew policy states and maintain queue: MP  +

f(Datacurrenta (I)P> 5,)

30: end for
40: end for
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Table 5: AR(1) Krusell-Smith comparison with Maliar et al. (2021) benchmarks

Metric iAC method Maliar et al. Bellman Maliar et al. Euler
Model moments

Number of agents 50 50 50

Gini of wealth 0.4565 - 0.447
Corr.(c,y) 0.701 0.7275 0.681

Solver diagnostics

Time, sec. 2939 14204 1721

R? 0.996741 0.992532 0.9898
Bellman expectation error 0.010502 0.026395 -
Bellman optimality error 0.026260 0.026284 -

Notes: Bellman expectation error is the sampled absolute Bellman residual for the current policy.
Bellman optimality error is the sampled absolute gap from the local one-step Bellman

improvement.

Multidimensional Value function

0 5 10 I 20 25 3 T m = o 50 100 150
w w Epoch

(a) Value function (b) Policy function (¢) Simulation

Fig. 12: Krusell-Smith with AR(1) aggregate shock: value function, policy function, and simulation
path.
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Comparison of Policy Functions

Productivity: 0
== = 0Org Productivity: 0
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a4

Fig. 13: Compared policy functions
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Policy Function Accuracy and Smoothness. Figure 13 compares our policy function
with the benchmark results in Maliar et al. (2021). The main differences are in
the tail region and in the lower-asset region. In the tail region, our policy function
behaves more regularly and displays fewer large local deviations. In the lower-asset
region, it is smoother and contains fewer visible kinks in this comparison. These
differences are relevant for long-run simulation because local non-smoothness in the
policy function can generate distortions in simulated aggregate dynamics.

Loss Curve
0.11 4 —— Value Loss L _5
—— Policy Loss | —
-6
1) %)
8 S
S -7
[} >
=) =
S S
> o
-8
},_“
WL LTI R
-9
1(')0 161 162 163 164 165
Iteration

Fig. 14: Training losses

Training Losses. Because the method uses an actor and a critic, the losses differ
from standard supervised-learning losses. The policy and value networks are trained
together. Convergence therefore means that the two networks become stable, not
that each loss disappears. As shown in Figure 14, both losses may fluctuate early in
training. They later become more stable. This pattern is consistent with the policy
and value networks moving toward a stable Bellman pair.

Sensitivity to Initialization. To examine sensitivity to initialization, we run the train-
ing procedure under different random initializations. As shown in Figure 15, the
resulting policy functions and steady-state outcomes are similar across runs in this
experiment. This reduces the concern that the reported solution comes from one
favorable initialization.
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(a) Random initialization 1 (b) Random initialization 2

Fig. 15: Different initializations

tAC extension takeaway. The main point is not only that the solver can be applied
to the Krusell-Smith model. The same iAC training logic can also be used when
the state space is large and equilibrium feedback is endogenous. Relative to the
benchmark problem, the method class does not change. Only the implementation
becomes more selective.

5.4. 1AC with Endogenous Labor Supply
We next allow households to choose labor supply. This adds one continuous

control variable. The same iAC method still applies. The actor now learns both
savings and labor decisions under model-implied feasibility conditions.

5.4.1. Model Setup
We modify the baseline Krusell-Smith model to allow agents to choose their labor

supply ;.

Continuous Labor Supply. Agents can now continuously choose their labor supply [
within the interval [0, 1]. The utility function is accordingly modified to include the
disutility of labor:
(C’{(1 _ l)l—f;)l—'y -1
=7y

where £ > 0 controls the trade-off between leisure (1 — [) and consumption c.
The labor income term in the budget constraint now depends on wages, idiosyncratic
productivity, and labor supply:

u(e,l) =

(55)

Wiyy = R (w] — &) + Wigaljeti (56)
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For the neural network implementation, the output dimension of the policy net-
work increases because the network must output both the consumption decision and
the labor supply decision ;. Since [; is constrained to [0, 1], a sigmoid activation
function can be used for the output corresponding to ;.

Discrete Labor Supply. An alternative scenario involves discrete labor participation
choices, for example
l; € {0,1} or [, €{0,0.5,1}.

These values represent unemployment, part-time work, and full-time work, respec-
tively. We employ the Gumbel-Softmax trick at the end of the policy network. In
this case, the policy network outputs the probabilities of choosing each discrete labor
option, rather than the level itself.

5.4.2. Results

We apply the same iAC training method to both labor-supply extensions. Fig-
ures 16, 17, and 18 show the consumption, savings, and labor-supply policies in the
continuous, binary, and ternary labor settings. The plotted policies have the ex-
pected qualitative patterns. We use this section as a portability check for the iAC
training logic rather than as a full quantitative validation exercise.

Multidimensional Consumption-Savings (decision rule) Multidimensional labor choices

= Productivity: 1
2.59 Productivity: 2
= Productivity: 3
e Productivity: 4
2.0 | === productivity: 5
= Productivity: 6
Productivity: 7

= Productivity: 1

Productivity: 2
= Productivity: 3
m— Productivity: 4
m— Productivity: 5
0.2 4 === Productivity: 6
Productivity: 7

0.6 4

0.4 4

0 5 10 15 20 25 o 5 10 15 20 25
(a) Consumption choice (b) Labor choice

Fig. 16: Continuous labor choice model

1AC extension takeaway. This extension shows how the iAC method can be written
when the household problem adds labor choices. The action space is richer, and the
feasibility conditions change. The training logic itself does not change.
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Fig. 17: Binary labor-supply model
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Fig. 18:

Ternary labor-supply model
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5.5. iAC in OLG: non-stationarity, terminal structure, and macro belief

The final application is an overlapping-generations (OLG) economy. This is still
an 1AC application. The model adds age dependence, non-stationarity, terminal con-
ditions, and macro equilibrium feedback. OLG models are harder than the Krusell-
Smith model because the problem changes with age. Individual decisions depend on
assets, aggregate shocks, and the household’s place in the life cycle. The model there-
fore has age-specific policy rules, terminal conditions, and changes in the composition
of generations.

5.5.1. Model Setup

We consider a simple OLG economy closely related to the benchmark environment
studied in Azinovic et al. (2022). Households live for A = 6 periods and maximize
expected lifetime log utility:

A-1
max [, Z B log(cl ). (57)

h h 1A-1
{eitnaienthmo h=0

Let h denote age. Individuals only supply labor when young, so that 9 = 1 and
170 = 0. The household budget constraint is

C? + CbiZ = Rtk/’f + th?, (58)
with capital accumulation
kit = a, (59)
and the terminal saving rule is
a1t = 0. (60)
Here ¢} is consumption, al is savings, k" is beginning-of-period capital, R; is the
gross return on capital, and W; is the wage.
The production side is given by a Cobb—Douglas technology with two aggregate
shocks, total factor productivity 7, and depreciation 9;:

F(Kt, Lt) = nthéLiia + Kt(l — (St) (61)

In the simple version studied here, the macro shock takes four discrete states corre-
sponding to the combinations of high/low productivity and high/low depreciation.
Aggregate factor prices satisfy

Ry =an K 'L+ (1 —6y), Wy =(1—a)nK L~ (62)

Thus the model combines finite-horizon life-cycle behavior with aggregate general-
equilibrium feedback.
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5.5.2. Why 1AC Requires Additional Adjustments in OLG

The main computational difference is age. In an infinite-horizon model, one can
learn one stationary policy rule. In an OLG model, a young household and an old
household choose differently even at the same wealth level. The final period also
creates a hard terminal boundary. A small approximation error at the end of life can
propagate backward and distort earlier-age policies.

To address these issues, we modify the iAC method in three ways.

First, age is included explicitly in the state and encoded by a one-hot vector.
This allows one network to represent different policy rules across the life cycle. The
state input is constructed as

st = (k') 21, Koetiet.1, Age,), (63)

where kf is individual capital, z; is the aggregate shock, Kpejers is the perceived
aggregate capital level used to form expectations, and Age, is the one-hot age repre-
sentation.

Second, we introduce a scalar macro belief Ky qier and update it through a Deep
Aggregate Law of Motion (Deep ALM). This variable is a compressed equilibrium ob-
ject. Instead of feeding the full wealth distribution into the network, agents condition
their decisions on a belief about aggregate capital. The inner loop trains life-cycle
policies for a given belief. The outer loop simulates the economy and updates the
belief toward realized aggregate capital. This approximates rational-expectations
consistency without putting the full wealth distribution into the network.

Third, we impose terminal anchoring. The last period has no continuation value.
The final-age policy is therefore known: the household consumes all remaining re-
sources. We impose this condition directly in training. This pins down the final-age
value target and reduces errors that would otherwise move backward through the life
cycle.

5.5.8. 1AC training logic in OLG

The OLG solver uses the same iAC training logic. Training now has two layers.

At the micro level, conditional on a given macro belief Ky e, the actor outputs
a savings rate (or, equivalently, a consumption rate) as a function of the individual
state, age, and current macro conditions. The critic approximates the corresponding
continuation value. Using the known transition equations, current prices, and the
next-age law of motion, we construct Bellman-consistent targets exactly as in the
benchmark models, except that the state now includes age and a changing macro
environment.
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At the macro level, we simulate a large population of agents over many periods
using the learned micro policies, compute the realized aggregate capital path, and
update the macro belief toward the simulated long-run average. Thus, the OLG
implementation combines an inner model-based actor—critic problem with an outer
belief-updating loop. The procedure uses reinforcement learning for optimization
and uses available economic structure to stabilize the solution.

5.5.4. Generalized market clearing via macro belief

A useful way to interpret this iAC extension in the OLG setting is as a generalized
market-clearing procedure. In a standard heterogeneous-agent general-equilibrium
model, an individual would in principle need to forecast the evolution of the full cross-
sectional distribution in order to form expectations about future prices. In the simple
OLG environment studied here, we instead compress this aggregate information into
a scalar macro belief, denoted by Ky iet.

The reason this compression is useful in this simple model is that each individual
is atomistic: when solving the household problem, a single agent does not internalize
the effect of their own savings choice on aggregate capital. Thus, conditional on the
current macro shock and a perceived aggregate capital level, the individual optimiza-
tion problem can be treated as a price-taking problem. Since labor supply is pinned
down by the life-cycle structure and aggregate shocks are exogenous, a scalar be-
lief about aggregate capital is sufficient to construct current prices and continuation
expectations in the inner loop.

More formally, given Kpeliers and the current aggregate shock z;, prices are com-
puted as

R, = R(Kbelief,t7 Zt); W, = W<Kbelief,t7 Zt>~ (64)

The individual policy problem is then solved conditional on these prices. In the
outer loop, the economy is simulated using the learned household policy, producing
a realized aggregate capital path K:™. Generalized market clearing is achieved by
updating the belief toward the realized capital:

Kyetiet <= (1 — A) Kpelief + A sim, (65)

where A € (0,1] is a damping parameter. In equilibrium, the perceived aggregate
capital used by households to form decisions becomes consistent with the realized
aggregate capital generated by those same decisions.

5.5.5. Algorithmic implementation
Algorithm 3 summarizes the iAC solver for the OLG model. The key ingredients
are: (i) age one-hot encoding to represent non-stationary life-cycle policies; (ii) a
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macro belief Kpepier that is updated in an outer Deep ALM loop; and (iii) terminal
anchoring to stabilize backward propagation from the last period of life.
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Algorithm 3 iAC Method with Deep ALM for the OLG Model

1: Initialize actor parameters 6, critic parameters w

2: Initialize macro belief Kpejier <= Kpelief,0

3: Choose belief update frequency and damping parameter A
4: for epoch =1,2,... do

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:

22:
23:

24:
25:
26:
27:
28:

29:

30:
31:

32:

icy

// Inner layer: micro policy/value training conditional on Kjjef
for each mini-batch do
Sample individual capital k£, macro shock z, and age h
Encode age h as a one-hot vector
Construct current state s = (k, 2, Kpelief, Age)
Optionally perturb Kjejer slightly for generalization
Compute current prices R, W from (Kpejief, 2)
Actor outputs savings rate (or consumption rate) pg(s)
Compute current reward u(c) from the budget constraint
if h=A—1 then
// Terminal anchoring
Set terminal target using the analytically known last-period rule
else
Compute next-period individual capital &’
Draw / integrate over next macro shock 2’
Construct next state s’ = (K, 2/, Kpelier, Age + 1)
Form Bellman-consistent target

y=u(c) + BE[V,(s)]

end if
Update critic by minimizing

Ly =E[(Vu(s) —y)’]

Update actor by maximizing the same Bellman-consistent objective
end for
if epoch mod belief update freq = 0 then
// Outer layer: macro belief update (Deep ALM)
Simulate a large population of agents for many periods using current pol-

Compute realized aggregate capital path K™
Let Kgm be the average capital over the tail of the simulation
Update belief:

Khetiet <= (1 77\) Kbeliet + Aim

end if

33: end for




The algorithm makes the economic logic transparent. In the inner loop, house-
holds solve a conditional life-cycle problem while taking the macro environment sum-
marized by Kyt as given. In the outer loop, this perceived macro environment is
gradually reconciled with the realized aggregate path generated by household deci-
sions. Thus, the entire procedure can be interpreted as a neural generalized market-
clearing algorithm: policy learning and equilibrium consistency are solved jointly
through alternating micro optimization and macro belief updating.

5.5.6. Results

The adapted method is applied to the simple OLG model. Figure 19 compares
the neural network consumption-rate policy with the benchmark solution across age
groups. The two policies are close. The remaining small fluctuations reflect under-
training. Newborn agents begin with zero assets, so the Age 0 comparison is con-
centrated at the boundary. For later ages, the neural network closely follows the
benchmark life-cycle shape.

OLG Model: Consumption Rate Policy by Age (Analytic vs RL)
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Fig. 19: OLG model: consumption-rate policy by age (analytic benchmark versus RL solution).
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The main lesson is that the iAC method can be used beyond stationary infinite-
horizon models. Age information, a macro belief, and terminal anchoring provide
a parameterization for this simple finite-life model. The example shows how the
training logic can be adapted when the economic structure changes.

Cross-model takeaway. Taken together, the Krusell-Smith model, the labor-supply
extension, and the OLG environment are three iAC applications. The state spaces
are different. In the benchmark problem, the transition equation is simple and model-
based gradient propagation is direct. In stationary heterogeneous-agent models, the
implementation must account for equilibrium. In OLG models, it must also account
for age, terminal conditions, and macro belief updating. The training logic remains
the same. The actor and critic are implemented differently across models.

6. Conclusion

This paper studies an informed actor—critic method for dynamic economic models.
The idea is simple. Reinforcement learning is useful for continuous control, but
economic models are not black boxes. Bellman equations, transition laws, feasibility
conditions, and equilibrium mappings are often known. A useful solver should use
this information when it is available.

The benchmark consumption—savings problem explains the design of the method.
Grid-based dynamic programming is accurate but hard to scale. Pure model-free
methods are more flexible, but they are sensitive to targets, expectations, and ex-
ploration. The benchmark shows why we use a continuous actor, a value critic,
multi-sampling, and known model structure in training.

The iAC method combines these ingredients in one solver. In the reported bench-
mark problem, it improves stability and accuracy relative to the model-free actor—
critic baselines considered here. The same training logic can also be adapted to larger
models. We illustrate this in the Krusell-Smith model, in labor-supply extensions,
and in an OLG environment. The states, controls, and equilibrium conditions change
across models, but the basic training logic stays the same.

The main lesson is that reinforcement-learning tools are more useful in these
benchmarks when they are combined with model structure. Neural networks help
with scale. Economic equations help with targets, gradients, feasibility, and inter-
pretation. The iAC method is one way to combine these two parts.

Future work can test the method in models with richer aggregate states, multiple
assets, and harder equilibrium structures. It can also compare deterministic and
stochastic actors in models with both discrete and continuous decisions. Another
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useful direction is to combine actor—critic learning with equilibrium belief updating
in larger general-equilibrium models.

Appendix A. Formal Results and Proofs

This appendix provides the proofs for the formal statements in Section 3. The
proofs are written for the local one-step improvement operator. This keeps the
proof aligned with the benchmark consumption—savings problem and with the local
Bellman validation used in the two-shock Krusell-Smith comparison.

Lemma 1 (Contraction of the local Bellman operator). Under Assumption 1, T"°
1s a contraction under the sup norm:

[TV = T Valoo < BIIVi = V|- (A.1)
The same contraction property holds for any fized-policy operator T™.

Proof. For any state s and any two bounded value functions Vi, V5,
(TV1)(s) = (T°Va)(s)] < B Sup, )E [Vi(f (s, a,€") = Va(f(s,a,€))]]
a€Ajoc(s

< B[[Vi = Va |- (A.2)

Taking the supremum over s gives the result. The proof for 7™ is the same, without
the maximization over a. O

Proof of Proposition 1. Lemma 1 and Banach’s fixed point theorem imply that 7"°¢
has a unique fixed point V'°“*. The representation result follows directly from the
definition

Qv(s,a) =u(s,a) + BE[V(f(s,a,€))]. (A.3)
Substituting this expression into the local Bellman operator gives
(T"°V)(s) = max Qy(s,a). (A.4)
ac€Aoc(s)

Thus a value critic and the known economic transition equation induce the one-step
action-value object used by the actor. O

Proof of Proposition 2. Let T = T'°¢ and V* = V'°%*_ In the idealized case, the exact
greedy actor makes the implemented update equal to V,,.1 = TV,,. Since V* =TV*
and 7' is a contraction by Lemma 1,

WVair = Viloo = [ITVe = TV [loo < B[V = V7o (A.5)
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Iterating this inequality gives equation (22).
For the approximate update, define d,, = ||V,, — V*||. The triangle inequality
and the contraction property give

< by + Bely. (A.6)

Recursive substitution yields

n—1
dn S ﬁndﬂ + Z ﬂn_l_jéja (A7>

J=0

which is equation (24). If §; < 4, the weighted sum is bounded by § Y 17— 8* <
5/(1 — f3), giving the limsup bound. If 6, — 0, the finite initial part of the weighted
sum vanishes geometrically and the tail is arbitrarily small; hence the weighted sum
converges to zero and V,, — V* uniformly. [

Proof of Proposition 3. Fix V; and write
a = mp(s), s = f(s,a,&). (A.8)
On the interior of the feasible region, the chain rule gives
Vou(s, mg(s)) = Dyma(s)  uq(s, a), (A.9)
VoV (f(s,m(s), &) = Dymg(s)" fu(s,a,&) TV Vy(s). (A.10)

Combining the two derivatives and interchanging differentiation and integration
gives equation (27). If the network output is a consumption or savings rate rather
than the final economic action, the same calculation applies to the composite map
(co(s),zp(s)) = V(s,my(s)). At binding borrowing or consumption constraints, the
corresponding statement is interpreted as a Kuhn-Tucker or subgradient condi-
tion. [

Proof of Proposition 4. For a continuation value V', define

Gircl0:V) = By | Domo() VaQu (s,0)],_,, | (A.11)

where

VaQv (s,a) = uq(s,a) + BE [fa(s, a, NTVV(f(s, a,e))] . (A.12)
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The learned-@) actor gradient is

90(0) = B [ Domo(s) VaQu(5,0)],_,, |- (A.13)
Therefore
190(6) = giac(8 V)1l < Ex [1D67(5) lop IVaQu(5,0) = VaQu (5. @) sry(s |
< ME, [[VQu(5,0) = VaQu (5,0l oy - (A14)

which proves equation (28). A
For the value-gradient channel, subtract the iAC gradients generated by V' and
Vleex  The current-payoff derivative cancels, so

Giac(0; V) = giac(6; V")
= BE, . | Dymo(s)" fuls,a,')T (VV(S/) - vvlocﬁ*(sf)ﬂ . (A.15)
Using the assumed operator-norm bounds gives
lgiac(6; V) = giac(8; V)| < BMo My, (A.16)

which proves equation (29).
It remains to prove the stationarity bound. Let g, = VJ(0;) and ¢, = g; + ey,
with |le;|| < b. By L-smoothness,

~ Lnp? .
J(Or1) > J(6) + 9 G — -l (A7)

Young’s inequality gives g e; > —||g:||?/4 — b, so g/ > 3|g:||?/4 — b%. Also,
19:11? < 2||g¢]|* + 2b*. Hence

3
H601) = 960 2 0 (3 = Ln) lal® = (1 + L) (A18)
For n < 1/(4L), this implies
5
T (Orr) = 7(0) = gl = 0 (A19)

Summing over t = 0,...,T — 1 and using J(01) < Jnax gives

T-1
1 2(Jmax — J (0o 5
2 g < 2 TN e (A.20)
t=0 d
The minimum over ¢ < 7' is no larger than the average, proving equation (30). [
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Remark 1 (Lower-dimensional gradient-learning channel). The previous proposition
gives a deterministic error-channel comparison. A simple statistical illustration is
obtained by assuming that first-derivative mean-square error for a smooth critic on
a d-dimensional domain satisfies
2(a—1)
200 +d
The learned-@) channel has dimension d, + d,, while the value-gradient channel has
dimension d,. Under comparable constants,

Bip(N) S MZCoN ™+ 5 o(N) S B MEMGCOy N~ (), (A.22)

E|VF —=VF|? < CNT@  p(d) = a> 1. (A.21)

Since r(ds) > r(ds+d,) whenever d, > 0, the value-gradient channel can reach a given
gradient-accuracy tolerance with fewer samples in this simple smooth-regression
model. This is an illustration of the mechanism, not a claim that arbitrary neural-
network training attains this nonparametric rate.

Corollary 2 (Euler interpretation in the consumption—-savings problem). In the
benchmark consumption—savings model, suppose the actor parameterizes consumption
as cg(w, z) and the transition is

w' = R(w — co(w, 2)) + y(2'). (A.23)
Then the gradient-penetration calculation gives the Fuler residual
Eo(w, 2) = u(co(w, 2)) — BRE[V,, (W', 2') | 2]. (A.24)

In a statewise or sufficiently rich policy class, setting this residual to zero gives the
standard Fuler equation. With a finite neural-network parameterization, the first-
order condition is the orthogonality of this Fuler residual to the policy-network gra-
dients.

Proof. The actor objective is

J(0) = E[u(co(w, 2)) + BE[V (', 2') | 2]] . (A.25)
Since Ow'/dc = —R, differentiation gives
VoJ(0) = E [{uc(co(w, 2)) — BRE[V, (W', 2") | 2]} Vgcy(w, 2)] . (A.26)

At an interior optimum in a statewise policy class, the bracketed term is zero. With a
finite neural network, the displayed expression gives the orthogonality condition. The
usual envelope condition then gives u.(c;) = SBRE}[u.(ct+1)] in the statewise case. At
a constraint, the equality is replaced by the appropriate Kuhn—Tucker inequality. [J
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Proof of Proposition 5. Let T = T'°° and let V* = V!°%*_ The critic residual as-
sumption gives

IV =TV <ev. (A.27)
The local greedy-error assumption gives
0<TV =TV < g1 (A.28)
Therefore
IV =TV]w |V =T V|o + [TV = TV||sc <ev + Eloe. (A.29)
By Lemma 1, N
IV = V¥ < % (A.30)
Since T is also a contraction and V7 is its fixed point,
~ X €
IV =V < 1—V6' (A.31)
The triangle inequality gives
V" = Vol S 17 =Vl 4V = Vil < 22 (a32)
Sampling error, numerical integration error, and target-network lag can be absorbed
into the residual terms when they are bounded in the same sup norm. O
Proof of Corollary 1. First fix a state s and write
ag =1 (s), a* =7"(s). (A.33)
Strong concavity of @ (s,-) implies the quadratic-growth inequality
Qu(5.a,) = Qp(s,@) = Sla— a, (A.34)
Taking a = 7(s) and using the assumed local greedy gap gives
17 (s) — ay| < 251";(5> (A.35)

To compare a, with the true local optimizer a*, use the interior first-order conditions

VQQV(S, ag) - O, VGQVIOC,*(S, CL*) == O (A36)
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Strong concavity of Qyrec.« (s, ) implies strong monotonicity of —V,Qyrec.« (s, +), hence

pllag — a*|| < [[VaQyroe (8, ay) — VaQyrocs (s, a")|| = || VaQyroen (s, a4)|l.  (A.37)

Since V,Qy (s,a4) =0,

HanVbCa* (57 ag)” - HanVk’C** <S7 ag) - VQQV(Sv ag)” S 77Q' (A'SS)

Therefore ||a; — a*|| < ng/p. Combining this inequality with the previous bound by
the triangle inequality proves equation (37). If || fullop < My and |[VV —VVIeox ||, <
Ny, then

HVCLQV(Sa Cl) - VaC)VlOC”‘ <87 a)”
< B [[|fals, 0,) oV (£ (s, 0,2")) = TV (f(s,0,) ]
< BMyny, (A.39)

so ng < BMmny.
For the validation statement, the random variables p(s;) are independent and
bounded in [0, M]. Hoeffding’s inequality gives

P (Ey[p(S)] - %Zp(si) > t) < exp (— Qﬁf) : (A.40)

Choosing t = M/log(1/8)/(2N) proves equation (38). O

Remark 2 (Scope of the local validation). The proof above uses the local improve-
ment operator because this is the object used in the consumption—savings benchmark
and in the Krusell-Smith Bellman validations. It controls a one-household improve-
ment problem with the aggregate belief and price objects held fixed. It is not a proof
of global equilibrium uniqueness or of convergence of the outer simulation loop.

Scope of the proof strategy. The convergence result is a perturbed-contraction result
for the local Bellman operator. The usefulness of gradient penetration is stated as
a bound on the actor-gradient error channel and the resulting stationarity neighbor-
hood. The error-bound results add policy-function and high-probability validation
interpretations. All conclusions are local and use strong assumptions. The appendix
does not claim a global proof for nonconvex neural-network training or for the outer
general-equilibrium loop.
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Appendix B. Detailed Algorithms for the Benchmark Methods

This appendix provides the detailed benchmark algorithms used in the main text.
The goal is not to document every implementation detail line by line, but to make
clear how each solver updates its value object, policy object, and continuation target.
For the high-dimensional Krusell-Smith and OLG applications, the corresponding
algorithmic logic is already described in the main text and is therefore not repeated
here.
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Appendixz B.1. Model-Based Benchmark Methods
Appendiz B.1.1. Value Function Iteration (VFI)

Algorithm 4 Value Function Iteration for the benchmark consumption—savings
problem

1: Discretize the state grid S and feasible action grid A(s)
2: Initialize the value function guess V) (s) for all s € S
3: Set iteration counter n <— 0

4: repeat

5 A+ 0

6 for each state s € S do

7 ‘/old — V(”)(s)

8 for each feasible action a € A(s) do

9 Compute one-period utility u(s, a)

10: Compute next-period endogenous state
11: Compute continuation value

C(s,a) =E[V"(s) | s,d]
12: Compute Bellman candidate

B(s,a) = u(s,a) + BC(s,a)

13: end for
14: Set

V(n+1) — B )

(5) = max B(s,a)

15: Store policy

(n+1) — B

7r (s) = arg arélj();) (s,a)

16: A + max{A, [V (s) — V| }

17: end for

18: n<n-+1

19: until A < tol or n > nax
20: return V™ 7
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Appendiz B.1.2. Bellman-Based Policy Function Iteration (PFI)

Algorithm 5 Bellman-based Policy Function Iteration

1. Discretize S and A(s)
2: Initialize policy guess 7(%(s)
3: Set outer iteration counter m < 0

4: repeat
5: Policy evaluation step:
6: Solve for V™™ from
Vw(m)(s) = u(s,w(m)(s)) + SE [V’T(m)(s’) | s,ﬂ(m)(s)}
7 Policy improvement step:
8: stable < true
9: for each state s € S do
10: Aold < W(m)(S)
11: for each feasible action a € A(s) do
12: Compute
B™(s,a) = u(s,a) + SR [V”(m(s’) | 5,0
13: end for
14: Set
7™ (s) = arg max B™(s, a)
acA(s)
15: if 7(m+1(s) # a4q then
16: stable « false
17: end if
18: end for
19: m+m-+1

20: until stable = true or m > muyax
21: return 7™ V="
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Appendiz B.1.3. Monte Carlo Rollout

Algorithm 6 Monte Carlo Rollout with a base continuation policy

1: Fix a base continuation policy 7Pas

2: Fix rollout horizon H and number of simulations N
3: function ROLLOUTVALUE(s, a)

4: sum_return < 0

5 fori=1,...,N do

6: So ¢ S, ag < a, G; <0

7 fort=0,...,H—1do

8 Apply action a; in state s;

9: Observe reward r; and next state s,

10: G; « G; + B'ry

11: Set continuation action @y  7°%°(s;11)
12: end for

13: sum_return < sum_return + G;

14: end for

15: return sum_ return/N

16: end function
17: for each decision state s do
18: for each feasible action a € A(s) do
19: Compute Q™(s,a) = ROLLOUTVALUE(s, a)
20: end for
21: Set rollout policy
7(s) = arg max Q"' (s,a)
acA(s)
22: end for
23: return 7
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Appendiz B.1.4. Dyna-Q

Algorithm 7 Dyna-Q

1: Initialize action-value table Q(s,a)

2: Initialize model memory M as empty

3: for each episode do

4: Initialize starting state s

5 while s is not terminal do

6 Choose action a using e-greedy(Q)
7 Execute a and observe (r, s’)

8 Direct RL update:

Q(s,0) = Q(s.a) + a |r + Fmax (s, a') = Qs )

9: Store model transition M(s,a) < (r,s’)

10: Planning updates:

11: for k=1,...,K do

12: Sample previously visited (S, a) from M
13: Retrieve (7,5) = M (8, a)

14: Update

0(3,d) « Q(3,3) + a [r + Bmax Q(F,a') - Q(5,d)

15: end for
16: s s
17: end while
18: end for

19: return ) and induced greedy policy

60



Appendiz B.1.5. Bellman-Based Deep Learning

Algorithm 8 Bellman-based deep learning solver

1: Initialize value network V,,(s)

2: if a separate policy network is used then

3: Initialize policy network 7y(s)

4: end if

5: repeat

6 Sample a batch of states {s;}¥,

7: for each sampled state s; do

8 for each feasible action a € A(s;) do

9 Compute one-period reward r(s;, a)
10: Compute next-state continuation

C(s;,a) = E[Vw(s;) | si,a}
11: Form Bellman candidate

B(s;,a) =r(s;,a) + BC(s;,a)

12: end for
13: Set Bellman target
; = max B(s;,a
4 QEA(Si) ( )
14: end for
15: Update w by minimizing
N

16: if a policy network is used then

17: Update 6 so that my(s;) tracks the Bellman-improving action
18: end if

19: until loss and policy/value objects stabilize
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Appendiz B.2. Model-Free Benchmark Methods
Appendiz B.2.1. Q-learning

Algorithm 9 Tabular Q-learning

1: Initialize Q(s,a) arbitrarily
2: for each episode do

3: Initialize starting state s
4: while s is not terminal do
5: Choose action a using e-greedy(Q)
6: Execute a and observe reward r and next state s
7 Update
Q(s,0)  Q(s.a) + o |r + Bmax Q(s',a') = Qs a)
a/
8: 5« &
9: end while
10: end for

11: return Q) and greedy policy

Appendiz B.2.2. Q-learning Ablation Design
The full Q-learning study varies the following dimensions:

1. State visitation rule: Full Batch, Sweep, Shuffled Sweep, and Random sam-
pling.

2. Expectation construction: exact expectation, single-sampling, and multi-
sampling with different Monte Carlo sample sizes.

3. Off-grid continuation evaluation: nearest-neighbor versus interpolation.
4. Grid density: coarse, intermediate, and fine state—action discretizations.

5. Learning dynamics: training length, batch size, minimum learning rate, and
seed sensitivity.

These ablations are used in the main text to distinguish theoretical upper bounds
from practical bottlenecks.
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Appendiz B.2.3. DQN

Algorithm 10 Deep Q-Network

1: Initialize online network Qy(s, a)

2: Initialize target network Qg(s,a) with 8 « 6

3: Initialize replay buffer D

4: for each episode do

5 Initialize state s

6 while s is not terminal do

7 Choose action a by e-greedy exploration using Qy(s, a)
8 Execute a and observe (r,s’, done)

9 Store (s, a,r, s, done) in replay buffer D

10: Sample minibatch B from D

11: for each transition (s;, a;, 1, s;, done;) in B do
12: if done; then

13: Yy <15

14: else

15: Form continuation target

yi < 1i + Bmax Qy(s, d)

16: end if
17: end for
18: Update online network by minimizing
1

Lpon(0) = E Z(QO(% a;) = y;)?
19: Periodically copy target parameters 6 < 6
20: s+ 8
21: end while
22: end for
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Appendiz B.2.4. DDPG

Algorithm 11 Deep Deterministic Policy Gradient

1: Initialize deterministic actor my(s)
2: Initialize critic Q4 (s, a)

3: Initialize target networks 7y, Qg
4: Initialize replay buffer D

5: for each episode do

6: Initialize state s

T: while s is not terminal do
8: Choose exploratory action
a < my(s) + noise

9: Execute a and observe (r, s’, done)

10: Store (s,a,r,s’,done) in D

11: Sample minibatch B from D

12: for each transition (s;, a;, 14, s;, done;) in B do
13: if done; then

14: Yi <15

15: else

16: Yi < T + 6625(8;, 7T§(Sg))

17: end if

18: end for

19: Update critic by minimizing

1
La(6) = 177 2 (Qolsi, @) = 4i)?
20: Update actor by maximizing
Tx(0) = Esp|Qy (s, mo(s))]
21: Soft-update target networks
0« 710+ (1—71)0, G TP+ (1—7)0

22: s+ 8
23: end while
24: end for
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Appendiz B.2.5. SAC

Algorithm 12 Soft Actor-Critic

1: Initialize stochastic policy my(a | s)
2: Initialize critics Qg,, Qp,
3: Initialize target critics or target value object
4: Initialize replay buffer D
5: for each episode do
6: Initialize state s
7 while s is not terminal do
8: Sample action a ~ my(- | s)
9: Execute a and observe (r,s’, done)
10: Store (s, a,r, s, done) in D
11: Sample minibatch B from D
12: for each transition (s;, a;, 14, s;, done;) in B do
13: Form soft critic target
Y =71; + ﬂEa/NM(.|S;) [mkm Qd‘)k (S;, a’) — alog ’/Tg(a/ ’ S;)]
14: end for
15: Update each critic by minimizing
1 2
’CQk (¢k> = E Z(Qd)k (8i7 ai) - yl)
16: Update policy by minimizing
L:(0) =Esn amy [a logmg(a | s) — mkin Qs (s, a)]
17: If adaptive temperature is used, update o toward target entropy
18: s+ 8
19: end while
20: end for
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Appendiz B.3. iAC Method for the Benchmark Problem
Appendiz B.3.1. DDPG with Value Critic and Model-Based Gradient Propagation

Algorithm 13 iAC method for the benchmark consumption-savings problem

10:

11:
12:

13:

14:

15:
16:
17:

Initialize deterministic actor ma(s)
Initialize value critic V,,(s)
Initialize frozen actor parameters 6 < 6
Initialize target critic Vz(s) < V,,(s)
repeat
Sample a batch of replayed states (and stored shock draws, if used) {s;}
for each state s; do
Actor outputs an action parameter and the feasibility map converts it into
economic choices

N
i=1

bi = W@(Si)v (Cia x;) = \Ij(siv bl)

Use the known transition equation and the chosen integration rule to form
the continuation target

C; =E. [Va(f(si, 27, €"))]

Construct Bellman-consistent target

~

yi = u(c;) + BC;

end for
Update critic by minimizing

Update actor by maximizing

N
o D ulens) + BBV S (st (o) = Wlsimls0)

=1

jﬁ(e) =

Apply model-based gradient propagation through ¥(-) and the known tran-
sition function f(-) while holding V;; fixed

Hard-update frozen actor: 6 < 6

Soft-update the target critic: @ + T,w + (1 — 7,)w
until training losses and policy stabilize
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Appendix C. Supplementary Figures for the Two-Shock Krusell-Smith
Comparison

This appendix reports supplementary diagnostics for the two-shock Krusell-Smith
comparison in Section 5.2. The main text uses the no-capital-cap simulations and
separates the baseline comparison from the single-seed low-capital refinement. The
figures below document the same logic under multiple seeds and under the alternative
capped DeepHAM simulation.
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3.5 7 === Reference spline = Reference spline
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Fig. C.20: iAC policy with low-capital sample refinement across multiple seeds. The thick line is
the seed average and the shaded region shows the cross-seed range.

Appendix D. All experiments on Q-learning
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Fig. C.21: Policy-implied capital distributions with the low-capital iAC refinement across multiple
seeds. No upper capital cap is imposed on the DeepHAM simulation.
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Fig. C.22: Policy-implied capital distributions for the baseline comparison when the DeepHAM

simulation is capped at k£ < 50.
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Fig. C.23: Policy-implied capital distributions with the low-capital iAC refinement across multiple
seeds when the DeepHAM simulation is capped at k < 50.
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Table D.6: Summary of All Experimental Results (Test 1 - Test 78)

Test Samp Exp Grid Upd/Int Batch Ep Time(s) MSE C

1 Ran  MC50  200x200 S/Y 200 1M 395.63 3.65e-04
2 Ran Ex 200x200 S/Y 200 1M 165.44 1.50e-04
3 Swp  MC50  200x200 S/Y 200 1M 363.79 3.93e-04
4 Swp Ex 200x200 S/Y 200 1M 129.99 1.68e-04
5 Ran  MC100 200x200 S/Y 200 500k  293.18 3.61e-04
6 Ran  MC100 200x200 S/Y 200 1M 584.47 2.80e-04
7 Ful MC50  200x200 S/Y 1400 500k  2530.94  3.63e-04
8 Ran  MC300 200x200 S/Y 200 1M 1536.45  2.69e-04
9 Ran  MGC50  200x200 S/Y 200 oM 1860.12  3.80e-04
10 Ran Ex 200x200 S/Y 200 oM 777.16 1.36e-04

11 Ful MC20  200x100 A)Y 1400 50k  13096.53  3.77e-04
12 Ful Ex 200x200 A)Y 1400 10k 454.56 1.21e-05
13 Shf Ex 200x200 A)Y 1400 50k  2228.26  1.21e-05

14 Swp MC1  200x200 S/N 200 200k 21.84 2.75e-03
15 Ful MC1  200x200 S/N 1400 200k  183.85 2.52e-03
16 Swp MC1  200x200 A/N 200 200k  176.35 3.26e-03
17 Ful MC1  200x200 A/N 1400 200k  1210.63  4.97e-03
18 Shf MC1  200x200 S/N 200 200k 26.23 4.22e-03
19 Ran MC1  200x200 S/N 200 200k 26.25 4.77e-03
20 Swp  MC10  200x200 S/N 200 200k 30.40 8.98e-04
21 Swp Ex 200x200 S/N 200 200k 26.97 5.41e-04
22 Swp MC1  200x200 S/Y 200 200k 22.77 3.44e-03
23 Swp  MC50  200x200 S/Y 200 200k 75.02 4.34e-04
24 Ful Ex 200x200 S/Y 1400 200k  228.66 1.21e-05
25 Ran  MC50  200x200 S/Y 200 100k 78.71 5.90e-04
26 Ran  MC50  200x200 S/Y 200 500k  187.22 4.14e-04
27 Ran  MC100 200x200 S/Y 200 200k  115.80 5.60e-04
28 Ran Ex 200x200 S/Y 200 200k 30.14 2.17e-04
29 Shf MC50  200x200 S/Y 200 500k  202.90 5.20e-04
30 Ran  MC200 200x200 S/Y 200 oM 7309.94  2.17e-04
31 Ran  MC200 200x200 S/Y 500 IM  2236.57  1.57e-04
32 Ran  MC200 200x200 S/Y 1000 IM  4684.81  1.57e-04
33 Shf MC50  200x200 S/Y 200 1M 559.88 6.38e-04
34 Ran  MC200 200x200 S/Y 200 1M 940.74 2.23e-04
35 Ran  MC200 200x200 S/Y 200 1M 933.43 1.99e-04
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Table D.6 — Continued

Test Samp Exp Grid Upd/Int Batch Ep Time(s) MSE C

36 Ran  MC200 200x200 S/Y 200 1M 939.83 3.05e-04
37 Ran  MC200 200x200 S/Y 500 IM  2194.61  2.53e-04
38 Ran  MC200 200x200 S/Y 500 IM 220591  1.25e-04
39 Ran  MC200 200x200 S/Y 200 2M  2064.59  1.87e-04
40 Ran  MC200 200x200 S/Y 200 2M 2221.33  2.80e-04
41 Ran  MC200 200x200 S/Y 200 2M  2806.14  2.91e-04
42 Ran  MC100 200x200 S/Y 200 1M 599.03 2.66e-04
43 Ran  MC25  200x200 S/Y 200 1M 247.58 3.01e-04
44 Ran MC1  200x200 S/Y 200 1M 125.25 2.13e-03
45 Ran  MC500 200x200 S/Y 200 1M 2392.71  2.18e-04
46 Ran Ex 200x200 S/Y 200 1M 156.16 2.16e-04
47 Ran  MC100 200x200 S/Y 200 2M 1193.79  2.44e-04
48 Ran  MC200 200x200 S/Y 2000 500k  5442.37  1.63e-04
49 Ran  MC200 200x200 S/Y 200 oM 5249.64  2.93e-04
20 Ran  MC500 200x200 S/Y 200 oM 11718.95  1.96e-04
o1 Swp  MC200 200x200 S/Y 200 oM 5030.94  2.07e-04
52 Ran  MC200 200x200 S/Y 200 oM 5145.03  2.20e-04
33 Ran  MC200 200x200 S/Y 200 5M  5150.92  1.41e-04
o4 Ran  MC200 200x200 S/Y 2000 1M 11451.08  2.05e-04
95 Swp Ex 200x200 S/Y 200 200k 26.62 1.84e-04
56-1  Ran  MC100 200x200 S/Y 200 200k  122.61 4.49e-04
56-2  Ran  MCI100 200x200 S/Y 200 200k  120.67 4.24e-04
56-3 Ran  MCI100 200x200 S/Y 200 200k  119.65 6.31e-04
a7 Ran  MC100 100x200 S/Y 200 200k  126.99 2.56e-04
o8 Ran MC100 300x200 S/Y 200 200k  125.22 4.01e-04
29 Ran  MC100 500x200 S/Y 200 200k  134.94 1.88e-03
60 Ran  MC100 200x100 S/Y 200 200k 74.39 2.96e-04
61 Ran  MC100 200x300 S/Y 200 200k  180.67 7.69e-04
62 Ran  MC100 500x300 S/Y 200 200k  176.56 5.45e-03
63 Ran  MC100 500x500 S/Y 200 200k  278.48 1.85e-02
64 Ran  MC200 500x500 S/Y 200 200k  510.78 1.75e-02
65-1 Ran  MC200 100x100 S/Y 200 1M 797.74 1.63e-04
66 Ran  MC200 500x500 S/Y 200 2M  5254.79  2.08e-04
67 Ran  MC400 500x500 S/Y 200 IM  4959.58  1.49e-04
68 Ran  MC400 1000x500 S/Y 200 1M 4930.93  1.70e-04
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Table D.6 — Continued

Test Samp Exp Grid Upd/Int Batch Ep Time(s) MSE C

69 Ran  MC400 100x100 S/Y 200 IM  1088.55  1.45e-04

70 Ran Ex 100x100 S/Y 200 1M 114.73 1.25e-04
71-1  Ran Ex 200x200 S/Y 200 200k 37.98 2.64e-04
71-2  Ran Ex 200x200 S/Y 200 200k 32.23 2.15e-04
71-3  Ran Ex 200x200 S/Y 200 200k 32.98 1.76e-04
72-1  Ran Ex 200x200 S/Y 200 1M 245.79 1.77e-04
72-2  Ran Ex 200x200 S/Y 200 1M 289.38 1.40e-04
72-3  Ran Ex 200x200 S/Y 200 1M 205.52 2.24e-04
73-1  Ran  MC50  200x200 S/Y 200 1M 588.03 3.56e-04
732 Ran  MC50  200x200 S/Y 200 1M 329.96 4.42e-04
73-3 Ran  MC5H0  200x200 S/Y 200 1M 326.83 3.45e-04
74-1  Ran  MC5H0  200x200 S/Y 200 200k 64.85 5.05e-04
74-2  Ran  MC5H0  200x200 S/Y 200 200k 64.48 4.60e-04
74-3  Ran  MC50  200x200 S/Y 200 200k 64.91 4.39e-04
75-1  Ran Ex 100x100 S/Y 200 1M 104.42 7.83e-05
75-2  Ran Ex 100x100 S/Y 200 1M 104.73 1.10e-04
75-3  Ran Ex 100x100 S/Y 200 1M 103.37 7.14e-05

76 Ran Ex 20x50 S/Y 200 1M 87.64 2.07e-04

77 Ran  MC200  50x50 S/Y 200 1M 335.20 2.65e-04

78 Ran MC100  50x50 S/Y 200 1M 214.68 3.72e-04

Appendix E. Supplementary Design Notes

Appendiz E.1. Return to Structure in the Benchmark Problem

This appendix collects design notes that are useful for interpreting the benchmark
comparison but are secondary to the main results. The benchmark implementation of
iAC is introduced in Section 2, while Section 4 compares the RL and Bellman-based
ingredients that motivate the final design.

The benchmark comparison highlights several useful ingredients: global approx-
imation, continuous control, actor—critic separation, and exploration or replay when
they are needed. It also highlights a cost of pure model-free learning in this setting.
A model-free method treats the transition map mainly as something to be sampled
from, even when the main economic equations are already known.

In the benchmark consumption—savings problem, the transition law, reward func-
tion, and feasibility conditions are all known and cheap to evaluate. Using these ob-
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jects directly inside the informed actor—critic architecture reduces the amount that
must be learned from simulated data.

In this sense, the benchmark instance can be read as a relatively structure-rich
iAC implementation, not as a separate method. In high-dimensional models, the
actor—critic shell and the Bellman discipline remain the same, but the use of known
structure becomes more selective because not every structural component can be
imposed directly at low cost.

Table E.7: Representative numerical results of the model-free methods shown in the main text

Method  Configuration MSEq& MSEy 1\/ISE;{‘,“gneGl
DQN Multi 9.73 x 1074 2.02 x 10~* -
DDPG Single 1.64 x 1073 1.77 x 10~* —

SAC Multi @« = 0.05 3.37 x 1072 8.95 x 10° 3.73 x 1072
SAC  Multi adaptive ¢ 1.72 x 107% 991 x 1073 1.28 x 10~*

Appendiz E.2. Supplementary Synthesis of the iAC Design Lines

The benchmark leaves a design logic. VFI and Bellman-PFI provide the nu-
merical anchor and show the value of recursive structure, but they also show the
scaling cost of grids. Monte Carlo rollout and Dyna-Q show that known transitions
and model-assisted updates can improve action evaluation, while also revealing the
cost of repeated simulation and tabular state-action storage. Q-learning connects
this Bellman logic to RL notation: with accurate information it can approach the
VFI benchmark, but its double-discrete state-action representation produces policy-
recovery problems in continuous-control settings.

The scalable-control line gives the other half of the design. DQN shows the
usefulness of neural approximation but keeps a discrete action set. DDPG removes
the action grid and separates policy improvement from value fitting, while SAC
shows that extra exploration mechanisms can stabilize purely model-free learning.
The Bellman residual method of Maliar et al. (2021) is already model-informed,
but its mixed policy—value objective motivates a separated training structure. The
iAC method combines these messages: it keeps neural approximation, continuous
economic controls, and separated actor—critic updates, while using known payoff,
feasibility, and transition equations inside the one-step Bellman objective.

76



Design Logic from Benchmark Methods to the Proposed Solver

Each branch contributes ingredients retained in the final design: the Bellman branch contributes model discipline and structure, while the RL branch contributes
function approximation, actor—critic design, and exploration.

Bellman branch

From benchmark Bellman solvers to Bellman-
based learning.

VFI / Bellman-PFI

Retained: Bellman benchmark
Gap: grid dependence

Q-learning

Retained: Bellman updates
Gap: target sensitivity

Dyna-Q
Retained: model-based updates
Gap: still tabular

~

P

RL branch

From value-based RL to actor—critic with better
control and exploration.

DQN

Retained: NN approximation
Gap: discrete actions

Bellman DL

Retained: continuous control
Gap: joint optimization

DDPG

Retained: actor—critic split
Gap: weak exploration

SAC

Retained: stochastic exploration
Gap: ignores known structure

Proposed solver: Information-Augmented Actor-Critic

Bellman-consistent targets + NN approximation + actor—critic separation + direct use of known
economic structure + stable exploration when needed.

Fig. E.24: Design logic from benchmark methods to the proposed iAC method. The two columns
should be read as two mechanism sources rather than two competing method blocks: model-
information methods contribute recursive discipline and direct use of known structure, while
scalable-control methods contribute neural approximation, continuous actions, and separated actor—
critic training.
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